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Abstrat
In this paper we present the general theory and universal properties of weak rossed biproduts. We prove
that every weak projetion of weak bialgebras indues one of these weak rossed strutures. Finally, we
ompute expliitly the weak rossed biprodut assoiated to a groupoid that admits an exat fatorization.
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Introdution
With the reent arise of some kinds of weak algebrai strutures, and more speially of weak
Hopf algebras, several important onepts in the theory of Hopf algebras had to be adapted to
this new ontext. In partiular, none of the rossed produt type strutures in the Hopf algebra
setting is suitable for the weak setting, beause of the lak of some properties of the units and the
ounits. The purpose of this paper is to obtain a general and appropriate framework to develop
all types of rossed produts, rossed oproduts and rossed biproduts (i.e., weak bialgebras
given as rossed produts and oproduts) in the weak setting, that moreover generalizes the
lassial rossed produt algebrai strutures like rossed produt algebras, birossproduts or
ross produt bialgebras among others. In partiular, we are interested in the rossed biprodut
struture that arises from a weak bialgebra with a weak projetion.
Crossed produts appear as a generalization of semi-diret produts of groups to the ontext
of Hopf algebras [23, 11℄, and were also used to study left extensions and Galois extensions of
Hopf algebras [10, 16℄. In [14℄ Brzezi«ski gave a ategorial approah that generalizes several
types of rossed produts, even the ones given for braided Hopf algebras by Majid [22℄. As
Hopf algebras have a oalgebra struture, it is easy to obtain a theory of rossed oproduts
in similar terms. Crossed produts and rossed oproduts an be ombined to obtain a Hopf
algebra struture given in suh terms. The rst examples of rossed biproduts arise in the
study of Hopf algebras related to mathed pairs of groups [29℄ and the study of ohomology
and exat sequenes [28℄. Those rst examples suered further generalizations to more and
more general ontexts, that are summarized using a ategorial approah given by Bespalov
and Drabant [8, 9℄, that moreover, when it is only onsidered in its algebra version, reovers
1
2lassial rossed produts [11, 16, 20, 21, 22℄. Bespalov and Drabant dene a general bialgebra
struture, a ross produt bialgebra, by means of a rossed produt without the expliit use of
a oyle and a rossed oprodut without the expliit use of a yle. They furthermore obtain
some universal properties that haraterize ross produt bialgebras, and hene its ategorial
meaning is ompletely understood. Their general framework unies all known non weak rossed
biprodut type onstrutions in a single setting, like the Drinfeld's quantum double, Radford's
4-parameter Hopf algebra, the quantum Poinaré group, the quantum Weyl group, Lusztig's
onstrution of the quantum enveloping algebra, the ane quantum groups Uq(g), the Connes-
Mosovii Hopf algebra, et. Moreover, it provides more new and interesting examples of ross
produt bialgebras in braided ontexts.
A relevant example of a rossed biprodut arises from Hopf algebras with a projetion. Con-
sider a bialgebra D and a Hopf algebra B suh that f : B → D and g : D → B are morphisms
of bialgebras that satisfy g ◦ f = idB . In [25℄ Radford shows that D an be reovered as a
rossed biprodut whose algebra and oalgebra strutures are given by the smash produt and
the osmash oprodut respetively (see [22℄ for the braided setting). If the hypothesis on g are
relaxed in an appropriate way we still obtain the algebra D as a rossed biprodut struture,
and although the algebra is not an smash produt, the oalgebra is still an smash oprodut.
Suppose that g is no longer a morphism of bialgebras but it is a morphism of oalgebras that is
also a morphism of right B-modules, that is, g ◦ µD ◦ (D ⊗ f) = µB ◦ (g ⊗ B) for µB and µD
the produt on B and D respetively. In this ase we say that D has a weak projetion onto B.
For example, quantized enveloping algebras have a weak projetion, and also nite dimensional
pointed Hopf algebras have a weak projetion onto its oradial. Working in a ategory of vetor
spaes, Shauenburg analizes this situation in [27℄ and obtains that, if D and B are bialgebras, D
is obtained as a birossprodut type struture. As expeted, the oalgebra struture is a osmash
oprodut. The braided version was studied by Ardizzoni, Menini and Stefan in [7℄. In this ase
they use the ategorial approah given by Bespalov and Drabant in [8, 9℄.
Although the notions and the results ited below are useful tools to study relevant examples in
the Hopf algebra world, they are not general enough to solve analogous problems in the weak Hopf
algebra ase. Weak Hopf algebras (or quantum groupoids) were reently introdued by Böhm,
Nill and Szlahányi in [12℄. Reall that although a weak Hopf algebra has a multipliation and a
omultipliation that are ompatible like in the non weak ase, the unit is not omultipliative (or,
equivalently, the ounit is not multipliative). However, there still exists a relation between the
unit and the omultipliation of the weak Hopf algebra (and of the ounit and the multipliation),
that reveal the existene of some idempotent morphisms whih in the non weak ontext beome
trivial. As a onsequene, when one tries to extend rossed produt onstrutions to the weak
setting one nds that idempotent morphisms arise in a very natural way. The use of idempotents
ombined with the ideas in [14℄ are the key to introdue a general theory of weak rossed produts.
In [4℄ we dene a produt on A ⊗ V , for an algebra A and an objet V both living in a strit
monoidal ategory C where every idempotent splits. To obtain that produt we onsider two
morphisms ψAV : V ⊗A→ A⊗ V and σ
A
V : V ⊗ V → A⊗ V that must satisfy some twisted-like
and oyle-like onditions. Assoiated to these morphisms we dene an idempotent ∇A⊗V :
A⊗ V → A⊗ V , that beomes the identity in the non weak ase. The image of this idempotent
inherits the assoiative produt from A ⊗ V . In order to dene a unit for Im(∇A⊗V ), and
hene to obtain an algebra struture, we require the existene of a morphism ηV : K → V
satisfying ertain properties. Unfortunately, this ondition turned out to be restritive, even in
some natural examples as the rossed produt indued by a weak left extension (see [1℄). Hene
3in [17℄ we hanged this hypothesis by the existene of a preunit ν : K → A ⊗ V . A preunit
on a non unitary assoiative algebra B is a morphism ν : K → B that, very roughly speaking,
is ommutative and idempotent with respet to the produt in B. Due to these partiularities
it is possible to dene a natural idempotent ∇ : B → B, that, in our ase, is the morphism
∇A⊗V . Moreover, the preunit indues a unit for Im(∇A⊗V ), so it is an algebra as in the ase
studied in [4℄. Using, like in [4℄, morphisms ψAV and σ
A
V it is possible to haraterize weak rossed
produts with a preunit as produts on A ⊗ V that are morphisms of left A-modules and that
have a preunit. Finally, it is onvenient to observe that, if the preunit is a unit, the idempotent
beomes the identity and we reover the lassial examples of the non weak setting. The theory
presented in [4, 17℄ ontains as a partiular ase the one developed by Brzezi«ski in [14℄. There
are many other examples of this theory like the weak smash produt given by Caenepeel and
De Groot in [15℄, the theory of wreath produts that we an nd in [18℄ and the weak rossed
produts for weak bialgebras given in [26℄. Reently, G. Böhm showed in [13℄ that a monad in
the weak version of the Lak and Street's 2-ategory of monads in a 2-ategory is idential to a
rossed produt system in the sense of [4℄.
Now the next natural step is to explore birossed produt type strutures in the weak ontext,
that is, to ombine the theory of rossed produts given in [4, 17℄ with its dual and obtain
a general framework to deal with weak bialgebras oming from rossed produts and rossed
oproduts. A rst example of the existene of a weak rossed biprodut appears in [2℄, where
Radford's theory for Hopf algebras with projetion is given for weak Hopf algebras. Again, as
expeted, the rossed produt struture and the rossed oprodut struture obtained are smash-
like ones, but in a weak ontext. Based in this example and in the work by Shauenburg [27℄
and Ardizzoni, Menini and Stefan [7℄, it seems natural to obtain also a weak rossed biprodut
struture that arises from a weak projetion of weak bialgebras. We nd an example of this
situation in the theory of (nite) groupoids. Using the terminology and the results introdued
by Makenzie in [19℄, an exat fatorization of a groupoid G is a kind of semidiret produt of
two subgroupoids V and H that must satisfy ertain onditions. Equivalently, G is a vaant
double groupoid or V and H are a mathed pair of groupoids. These kind of groupoids were
reently used by Andruskiewitsh and Natale [5, 6℄ to obtain a new lass of weak Hopf algebras.
If we onsider the weak Hopf algebras assoiated to the groupoid algebras RG, RV and RH, for
R a ommutative ring with unit, it turns out that RG has a stritly weak projetion onto RV ,
that is, the morphism between RG and RV is of right RV modules but it is not of algebras.
Inspired by the examples mentioned above, this paper is devoted to obtain a general theory
of weak rossed biproduts. In the rst setion we present some basi fats about weak rossed
produts and oproduts, using the previous theory introdued in [4, 17℄. Moreover we nd
that weak rossed produts and oproduts are universal onstrutions that generalize results
of Bespalov and Drabant [9℄. In setion 2 we use the results developed in setion 1 to obtain
a weak rossed biprodut struture on A ⊗ C, for an algebra A and a oalgebra C living in
a braided monoidal ategory. We dene a weak rossed biprodut as a weak bialgebra whose
algebra struture omes from a weak rossed produt on A ⊗ C and whose oalgebra struture
omes from a weak rossed oprodut on A ⊗ C. These two strutures are glued together by
onsidering that the respetive idempotent morphisms are the same. In the main result of this
setion, Theorem 2.3, we nd, using an universal onstrution, whih onditions must satisfy a
weak bialgebra to be obtained as a weak rossed biprodut. Setion 3 is devoted to the study
of weak bialgebras with a weak projetion in a braided monoidal ategory. Here we obtain that
a weak bialgebra with a weak projetion satises the universal properties given in Theorem
42.3 and, as a onsequene, it is reovered as a weak rossed biprodut whose oprodut is a
osmash like onstrution. The mentioned result reovers, as a partiular instanes, the ones
given by Shauenburg [27℄ and by Ardizzoni, Menini and Stefan [7℄. Finally, in this last setion
we ompute expliitly the weak rossed biprodut assoiated to a groupoid that admits an exat
fatorization.
Throughout the paper C denotes a strit monoidal ategory with tensor produt ⊗ and base
objet K. Given objets A, B, D and a morphism f : B → D, we write A ⊗ f for idA ⊗ f
and f ⊗ A for f ⊗ idA. Also we assume that all idempotent splits, i.e., for every morphism
∇Y : Y → Y , suh that ∇Y = ∇Y ◦ ∇Y , there exist an objet Z and morphisms iY : Z → Y
and pY : Y → Z satisfying ∇Y = iY ◦ pY and pY ◦ iY = idZ .
As for prerequisites, the reader is expeted to be familiar with the notions of algebra (monoid),
oalgebra (omonoid), module and omodule in the monoidal setting. Given an algebra A and a
oalgebra C, we let ηA : K → A, µA : A ⊗ A → A, εD : D → K, and δD : D → D ⊗D denote
the unity, the produt, the ounity, and the oprodut respetively. Also, if A, B are algebras,
f : A → B is an algebra morphism if f ◦ ηA = ηB and f ◦ µA = µB ◦ (f ⊗ f). In a dual form
we have the notion of oalgebra morphism and, if A is an algebra and D is a oalgebra, for two
morphism f, g : D → A, the symbol ∧ denotes the usual onvolution produt in the ategory C,
i.e., f ∧ g = µA ◦ (f ⊗ g) ◦ δD.
In this paper, for an algebra A and a oalgebra C, the triple (A,C,ψRR) denotes a right-right
weak entwining struture, and therefore the following identies hold:
ψRR ◦ (C ⊗ µA) = (µA ⊗ C) ◦ (A⊗ ψRR) ◦ (ψRR ⊗A), (1)
(A⊗ δC) ◦ ψRR = (ψRR ⊗ C) ◦ (C ⊗ ψRR) ◦ (δC ⊗A), (2)
ψRR ◦ (C ⊗ ηA) = (eRR ⊗ C) ◦ δC , (3)
(A⊗ εC) ◦ ψRR = µA ◦ (eRR ⊗A), (4)
where eRR = (A⊗ εC) ◦ψRR ◦ (C⊗ ηA). We denote byM
C
A(ψRR) the ategory of weak entwined
modules, i.e., an objet M in C together with two morphisms φM : M ⊗A→ A and ρM : M →
M ⊗ C suh that (M,φM ) is a right A-module, (M,ρM ) is a right C-omodule and
ρM ◦ φM = (φM ⊗ C) ◦ (M ⊗ ψRR) ◦ (ρM ⊗A). (5)
The morphisms in MCA(ψRR) are the obvious, i.e., morphisms of right A-modules and right
C-omodules.
1. Weak rossed produts and oproduts
In this setion we develop the general theory of weak rossed produts in a monoidal ateory
C. In order to make this paper as self-ontained as possible, we reall some results given in [17℄
that will be used to obtain further haraterizations of weak rossed produts and weak rossed
oproduts.
Let A be an algebra and V be an objet in C. Suppose that there exists a morphism ψAV :
V ⊗A→ A⊗ V suh that the following equality holds
(µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (ψ
A
V ⊗A) = ψ
A
V ◦ (V ⊗ µA). (6)
As a onsequene of (6), the morphism ∇A⊗V : A⊗ V → A⊗ V dened by
∇A⊗V = (µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (A⊗ V ⊗ ηA) (7)
5is idempotent. Moreover, ∇A⊗V satises that
∇A⊗V ◦ (µA ⊗ V ) = (µA ⊗ V ) ◦ (A⊗∇A⊗V ),
that is, ∇A⊗V is a left A-module morphism (see Lemma 3.1 of [17℄) where the ation is ϕA⊗V =
µA ⊗ V .
From now on we onsider quadruples (A,V, ψAV , σ
A
V ) where A is an algebra, V an objet, ψ
A
V
satises (6) and σAV : V ⊗ V → A⊗ V is a morphism in C. For the idempotent morphism ∇A⊗V
dened in (7) we denote by A × V the image of ∇A⊗V , and by iA⊗V : A × V → A ⊗ V and
pA⊗V : A⊗ V → A× V the injetion and the projetion assoiated to ∇A⊗V .
We say that (A,V, ψAV , σ
A
V ) satises the twisted ondition if
(µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (σ
A
V ⊗A) = (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ ψ
A
V ). (8)
and the oyle ondition holds if
(µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (σ
A
V ⊗ V ) = (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ σ
A
V ). (9)
By virtue of (8) and (9) we will onsider from now on, and without loss of generality, that
∇A⊗V ◦ σ
A
V = σ
A
V (10)
holds for all quadruples (A,V, ψAV , σ
A
V ) ( see Proposition 3.7 of [17℄).
For (A,V, ψAV , σ
A
V ) dene the produt
µA⊗V = (µA ⊗ V ) ◦ (µA ⊗ σ
A
V ) ◦ (A⊗ ψ
A
V ⊗ V ) (11)
and let µA×V be the produt
µA×V = pA⊗V ◦ µA⊗V ◦ (iA⊗V ⊗ iA⊗V ). (12)
As a onsequene of the twisted and the oyle onditions, the produt µA⊗V is assoiative and
normalized with respet to ∇A⊗V (i.e. ∇A⊗V ◦ µA⊗V = µA⊗V = µA⊗V ◦ (∇A⊗V ⊗∇A⊗V )). Due
to this normality ondition, µA×V is assoiative as well (Propostion 3.7 of [17℄). Hene we dene:
Denition 1.1. If (A,V, ψAV , σ
A
V ) satises (8) and (9) we say that (A⊗V, µA⊗V ) is a weak rossed
produt.
Our next aim is to endow A× V with a unit, and hene with an algebra struture. As A× V
is given as an image of an idempotent, it seems reasonable to use a preunit on A⊗ V to obtain
a unit on A × V . In general, if A is an algebra, V an objet in C and mA⊗V is an assoiative
produt dened in A⊗ V a preunit ν : K → A⊗ V is a morphism satisfying
mA⊗V ◦ (A⊗ V ⊗ ν) = mA⊗V ◦ (ν ⊗A⊗ V ) = mA⊗V ◦ (A⊗ V ⊗ (mA⊗V ◦ (ν ⊗ ν))). (13)
Assoiated to a preunit we obtain an idempotent morphism ∇νA⊗V = mA⊗V ◦ (A ⊗ V ⊗ ν) :
A⊗ V → A⊗ V . Take A× V the image of this idempotent, pνA⊗V the projetion and i
ν
A⊗V the
injetion. It is possible to endow A× V with an algebra struture whose produt is
mA×V = p
ν
A⊗V ◦mA⊗V ◦ (i
ν
A⊗V ⊗ i
ν
A⊗V )
and whose unit is ηA×V = p
ν
A⊗V ◦ ν (see Proposition 2.5 of [17℄). If moreover, µA⊗V is left
A-linear for the ations ϕA⊗V = µA ⊗ V , ϕA⊗V⊗A⊗V = ϕA⊗V ⊗ A ⊗ V and normalized with
respet to ∇νA⊗V , the morphism
βν : A→ A⊗ V, βν = (µA ⊗ V ) ◦ (A⊗ ν) (14)
is multipliative and left A-linear for ϕA = µA.
6Although βν is not an algebra morphism, beause A ⊗ V is not an algebra, we have that
βν ◦ ηA = ν, and thus the morphism β¯ν = p
ν
A⊗V ◦ βν : A→ A× V is an algebra morphism.
In light of the onsiderations made in the last paragraph, and using the twisted and the oyle
onditions, we haraterize weak rossed produts with a preunit, and moreover we obtain an
algebra struture on A× V (see [17℄).
Theorem 1.2. Let A be an algebra, V an objet and mA⊗V : A ⊗ V ⊗ A ⊗ V → A ⊗ V a
morphism of left A-modules for the ations ϕA⊗V = µA ⊗ V , ϕA⊗V⊗A⊗V = ϕA⊗V ⊗A⊗ V .
Then the following statements are equivalent:
(i) The produt mA⊗V is assoiative with preunit ν and normalized with respet to ∇
ν
A⊗V .
(ii) There exist morphisms ψAV : V ⊗A→ A⊗ V , σ
A
V : V ⊗ V → A⊗ V and ν : k → A⊗ V
suh that if µA⊗V is the produt dened in (11), the pair (A⊗V, µA⊗V ) is a weak rossed
produt with mA⊗V = µA⊗V satisfying:
(µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ ν) = ∇A⊗V ◦ (ηA ⊗ V ), (15)
(µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ν ⊗ V ) = ∇A⊗V ◦ (ηA ⊗ V ), (16)
(µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (ν ⊗A) = βν , (17)
where βν is the morphism dened in (14). In this ase ν is a preunit for µA⊗V , the idempotent
morphism of the weak rossed produt ∇A⊗V is the idempotent ∇
ν
A⊗V , and we say that the pair
(A⊗ V, µA⊗V ) is a weak rossed produt with preunit ν.
As a orollary of Theorem 1.2 we obtain:
Corollary 1.3. If (A ⊗ V, µA⊗V ) is a weak rossed produt with preunit ν, then A × V is an
algebra with the produt dened in (12) and unit ηA×V = pA⊗V ◦ ν.
In the rest of the setion we obtain some new results about weak rossed produts. The
following theorem gives neessary and suient onditions for an algebra B to be isomorphi to
the algebra derived from a weak rossed produt with preunit.
Theorem 1.4. Let B be an algebra in C. Then the following are equivalent:
(i) There exist a weak rossed produt (A ⊗ V, µA⊗V ) with preunit ν and an isomorphism
of algebras ω : A× V → B.
(ii) There exist an algebra A, an objet V , morphisms
iA : A→ B, iV : V → B, ∇A⊗V : A⊗ V → A⊗ V, ω : A× V → B
suh that iA is an algebra morphism, ∇A⊗V is an idempotent morphism of left A-modules
for the ation ϕA⊗V = µA ⊗ V and ω is an isomorphism suh that
ω ◦ pA⊗V = µB ◦ (iA ⊗ iV )
where A× V is the image of ∇A⊗V and pA⊗V is the assoiated projetion.
(iii) There exist an algebra A, an objet V and morphisms iA : A → B, iV : V → B and
ωˆ : B → A⊗ V that satisfy:
(iii-1) iA is a morphism of algebras.
(iii-2) ωˆ is a morphism of left A-modules for ϕB = µB ◦ (iA ⊗B) and ϕA⊗V = µA ⊗ V .
(iii-3) µB ◦ (iA ⊗ iV ) ◦ ωˆ = idB .
7Proof:
First we prove (i) ⇒ (ii). Suppose that (A ⊗ V, µA⊗V ) is a weak rossed produt with preunit
ν : K → A⊗ V . Dene iA : A→ B by
iA = ω ◦ pA⊗V ◦ βν : A→ B (18)
where pA⊗V is the projetion assoiated to the idempotent and βν the morphism dened in (14).
As in this ase pA⊗V = p
ν
A⊗V , then pA⊗V ◦ βν = β¯ν is a morphism of algebras, and thus iA is a
morphism of algebras.
Dene iV : V → B by
iV = ω ◦ pA⊗V ◦ (ηA ⊗ V ). (19)
Then, ω ◦ pA⊗V = µB ◦ (iA ⊗ iV ) holds if and only if pA×V = ω
−1 ◦ µB ◦ (iA ⊗ iV ). This last
equality follows by:
ω−1 ◦ µB ◦ (iA ⊗ iV )
= pA⊗V ◦ µA⊗V ◦ ((∇A⊗V ◦ βν)⊗ (∇A⊗V ◦ (ηA ⊗ V ))
= pA⊗V ◦ µA⊗V ◦ (βν ⊗ ηA ⊗ V )
= pA⊗V ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ ((∇A⊗V ◦ βν)⊗ V )
= pA⊗V ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (βν ⊗ V )
= pA⊗V ◦ (µA ⊗ V ) ◦ (A⊗ ((µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ν ⊗ V )))
= pA⊗V ◦ (µA ⊗ V ) ◦ (A⊗ (∇A⊗V ◦ (ηA ⊗ V )))
= pA⊗V ◦ ∇A⊗V
= pA⊗V .
The rst equality is onsequene of the ondition of algebra morphism for ω and the denition
of µA×V , the seond one of the normalized harater of µA⊗V , the third one of (11), the fourth
one of (17), the fth one of the assoiativity of µA, the sixth one of (16), the seventh one of the
left A-module ondition for the idempotent and nally the eighth one of the properties of iA⊗V
and pA⊗V .
The proof for (ii)⇒(i) is the following: Suppose now that the onditions of the seond state-
ment are fullled, and dene the produt
µA×V = ω
−1 ◦ µB ◦ (ω ⊗ ω). (20)
that indues an algebra struture on A× V with unit ηA×V = ω
−1 ◦ ηB , and fores ω to be an
isomorphism of algebras. Moreover we an dene on A⊗ V the multipliation given by
µA⊗V = iA⊗V ◦ µA×V ◦ (pA⊗V ⊗ pA⊗V ). (21)
Now to omplete the proof, it is enough to hek that (A ⊗ V, µA⊗V ) is under the assumptions
of (i) of Theorem 1.2, so we an assure that (A⊗V, µA⊗V ) is indued by a weak rossed produt
with preunit. First observe that µA⊗V is assoiative for being (20) assoiative, and moreover,
as a onsequene of the properties of iA⊗V and pA⊗V the produt is normalized with respet to
∇A⊗V . To dene a preunit on (A⊗ V, µA⊗V ) onsider
ν = iA⊗V ◦ ηA×V : K → A⊗ V.
This morphism is a preunit for (A ⊗ V, µA⊗V ) as, on the one hand µA⊗V ◦ (A ⊗ V ⊗ ν) =
µA⊗V ◦ (ν ⊗A⊗ V ) and on the other hand µA⊗V ◦ (ν ⊗ ν) = ν. It is easy to hek that
∇A⊗V = µA⊗V ◦ (A⊗ V ⊗ ν). (22)
8Hene ∇νA⊗V = ∇A⊗V , and thus µA⊗V is normalized with respet to ∇
ν
A⊗V . To nish the proof
it just remain to hek that µA⊗V is a morphism of left A-modules. In order to obtain this result
note that, as iA is an algebra morphism:
µA⊗V ◦ ((iA⊗V ◦ ω
−1 ◦ iA)⊗A⊗ V ) = ∇A⊗V ◦ (µA ⊗ V ). (23)
Then, if ϕA⊗V and ϕA⊗V⊗A⊗V are the ations used in Theorem 1.2, we have
µA⊗V ◦ ϕA⊗V⊗A⊗V
= iA⊗V ◦ ω
−1 ◦ µB ◦ ((µB ◦ (iA ⊗ iV ) ◦ ∇A⊗V ◦ (µA ⊗ V ))⊗ (µB ◦ (iA ⊗ iV ) ◦ ∇A⊗V ))
= iA⊗V ◦ω
−1 ◦µB ◦ ((µB ◦ (iA⊗ iV ) ◦ (µA⊗V ) ◦ (A⊗∇A⊗V ))⊗ (µB ◦ (iA⊗ iV ) ◦∇A⊗V ))
= iA⊗V ◦ ω
−1 ◦ µB ◦ (iA ⊗ (µB ◦ (ω ⊗ ω) ◦ (pA⊗V ⊗ pA⊗V )))
= iA⊗V ◦ ω
−1 ◦ µB ◦ ((ω ◦ ω
−1 ◦ iA)⊗ (ω ◦ µA×V ◦ (pA⊗V ⊗ pA⊗V )))
= iA⊗V ◦ µA×V ◦ ((ω
−1 ◦ iA)⊗ (µA×V ◦ (pA⊗V ⊗ pA⊗V )))
= µA⊗V ◦ ((iA⊗V ◦ ω
−1 ◦ iA)⊗ µA⊗V )
= ∇A⊗V ◦ (µA ⊗ V ) ◦ (A⊗ µA⊗V )
= (µA ⊗ V ) ◦ (A⊗ (∇A⊗V ◦ µA⊗V ))
= (µA ⊗ V ) ◦ (A⊗ µA⊗V )
= ϕA⊗V ◦ (A⊗ µA⊗V ).
The rst equality follows by denition, the seond one by the left A-module ondition for
∇A⊗V , the third one by the assoiativity of µB and the ondition of algebra morphism of iA, the
fourth and the fth ones by (20), the sixth one by (21), the seventh one by (23), the eighth one
by the left A-module ondition for ∇A⊗V , the ninth one by the normal ondition and nally, the
tenth one by denition.
Therefore, Theorem 1.2 assures that (A⊗ V, µA⊗V ) is a weak rossed with preunit ν and this
nishes the proof of (ii)⇒(i).
To prove (i)⇒(iii) dene iA and iV as in (i)⇒(ii) and put ωˆ = iA⊗V ◦ω
−1 : B → A⊗V . Then,
µB ◦ (iA ⊗ iV ) ◦ ωˆ = ω ◦ pA⊗V ◦ iA⊗V ◦ ω
−1 = idB .
and ωˆ is a morphism of left A-modules beause:
ωˆ ◦ ϕB
= iA⊗V ◦ ω
−1 ◦ µB ◦ (iA ⊗B)
= iA⊗V ◦ µA×V ◦ ((ω
−1 ◦ iA)⊗ ω
−1)
= iA⊗V ◦ µA×V ◦ ((pA⊗V ◦ βν)⊗ ω
−1)
= µA⊗V ◦ (βν ⊗ (iA⊗V ◦ ω
−1))
= (µA ⊗ V ) ◦ (A⊗ (µA⊗V ◦ (ν ⊗ (iA⊗V ◦ ω
−1))))
= ϕA⊗V ◦ (A⊗ ωˆ)
where the rst equality follows by the denition of ωˆ, the seond one is onsequene of being
ω−1 of algebras, the third one follows by the denition of iA, the fourth one by the denition
of µA×V , by the normality of µA⊗V , and by ∇A⊗V ◦ βν = βν , the fth one is onsequene of
being µA⊗V of left A-modules and the last one is onsequene of being ∇A⊗V = ∇
ν
A⊗V and
∇A⊗V ◦ iA⊗V = iA⊗V .
Finally, we prove (iii)⇒(i). Now we have a morphism of algebras iA : A→ B and a morphism
iV : V → B suh that there exists ωˆ : B → A⊗V of leftA-modules that satises µB◦(iA⊗iV )◦ωˆ =
idB . It is lear that
Ω = ωˆ ◦ µB ◦ (iA ⊗ iV ) : A⊗ V → A⊗ V
is an idempotent morphism suh that
9ϕA⊗V ◦ (A⊗ Ω)
= ωˆ ◦ µB ◦ (iA ⊗ (µB ◦ (iA ⊗ iV )))
= ωˆ ◦ µB ◦ ((µB ◦ (iA ⊗ iA))⊗ iV )
= ωˆ ◦ µB ◦ ((iA ◦ µA)⊗ iV )
= Ω ◦ ϕA⊗V
and then is a morphism of left A-modules.
Dene the produt µA⊗V : A⊗ V ⊗A⊗ V → A⊗ V by
µA⊗V = ωˆ ◦ µB ◦ (ω¯ ⊗ ω¯)
where ω¯ = µB ◦ (iA ⊗ iV ). As ω¯ ◦ ωˆ = idB , and as iA is of algebras, this produt is assoiative,
of left A-modules and with preunit ν = ωˆ ◦ ηB . It is also easy to hek that Ω = ∇
ν
A⊗V and
Ω ◦ µA⊗V = µA⊗V = µA⊗V ◦ (Ω ⊗ Ω), that is, µA⊗V is normalized. Hene we are under the
onditions of Theorem 1.2, and (A⊗V, µA⊗V ) is a weak rossed produt with preunit ν, assoiated
idempotent morphism ∇A⊗V = Ω, A× V the image of the idempotent and pA⊗V and iA⊗V the
projetion and the injetion respetively.
Put ω = ω¯ ◦ iA⊗V : A×V → B. Then, ω is an isomorphism with inverse ω
−1 = pA⊗V ◦ ωˆ and
the following diagram is ommutative
A× V
ω

iA⊗V
%%J
JJ
JJ
JJ
JJ
A⊗ V
Ω
//
pA⊗V
99ttttttttt
ω¯
%%K
KK
KK
KK
KK
K
A⊗ V
B
ωˆ
99ssssssssss
Moreover, ω is an algebra morphism beause
ω ◦ ηA×V = µB ◦ (iA ⊗ iV ) ◦ ∇A⊗V ◦ ν = µB ◦ (iA ⊗ iV ) ◦ ωˆ ◦ ηB = ηB
and
ω−1 ◦ µB ◦ (ω ⊗ ω)
= pA⊗V ◦ ωˆ ◦ µB ◦ (ω¯ ⊗ ω¯) ◦ (iA⊗V ⊗ iA⊗V ) = pA⊗V ◦ µA⊗V ◦ (iA⊗V ⊗ iA⊗V )
= µA×V .
✷
Remark 1.5. Note that, if the onditions (ii) or (iii) of Theorem 1.4 hold it is possible to
haraterize the isomorphism ω as
ω = µB ◦ (iA ⊗ iV ) ◦ iA⊗V .
If we are under the onditions (iii) of Theorem 1.4, we know that A ⊗ V has a weak rossed
produt struture with preunit ν = ωˆ ◦ ηB . Observe that this fat implies that
ω¯ ◦ ν = µB ◦ (iA ⊗ iV ) ◦ ν = ηB . (24)
If ω : A× V → B is the isomorphism of algebras, in light of the equality ω−1 = pA⊗V ◦ ωˆ and
the fat that iA is a morphism of algebras we obtain that
ω ◦ pA⊗V ◦ βν = iA
10
and
ω ◦ pA⊗V ◦ (ηA ⊗ V ) = iV .
Thus the morphisms iA and iV have always this expliit expression.
Remark 1.6. Suppose that B satises the onditions of Theorem 1.4, and let iA, iV be the
morphisms dened in (18) and (19). By Theorem 1.2 of [17℄ we know that
ψAV = µA⊗V ◦ (ηA ⊗ V ⊗ βν) (25)
σAV = µA⊗V ◦ (ηA ⊗ V ⊗ ηA ⊗ V ) (26)
and then, by the ondition of algebra morphism for ω and the equality ∇A⊗V ◦ ψ
A
V = ψ
A
V we
obtain
µB ◦ (iA ⊗ iV ) ◦ ψ
A
V = µB ◦ (iV ⊗ iA) (27)
and
µB ◦ (iA ⊗ iV ) ◦ σ
A
V = µB ◦ (iV ⊗ iV ). (28)
The onditions (24), (27) and (28) are losely related to the haraterization of weak rossed
produts as universal onstrutions. In the following result we obtain this universal property
expliitly.
Theorem 1.7. Let (A ⊗ V, µA⊗V ) be a weak rossed produt with preunit ν, and let B be an
algebra. Suppose that there exist morphisms iA : A → B and iV : V → B suh that iA is an
algebra morphism. Then the following assertions are equivalent:
(i) There exists an unique algebra morphism ω : A × V → B that makes the following
diagram ommutative:
A× V B
A
V
iA
iV
ω
pA⊗V ◦ βν
pA⊗V ◦ (ηA ⊗ V )
(ii) The equalities (24), (27) and (28) hold.
Proof:
First we prove (i)⇒(ii). Suppose that ω : A× V → B is a morphism of algebras ommuting the
diagram. Then
µB ◦ (iA ⊗ iV )
= µB ◦ ((ω ◦ pA⊗V ◦ βν)⊗ (ω ◦ pA⊗V ◦ (ηA ⊗ V )))
= ω ◦ µA×V ◦ ((pA⊗V ◦ βν)⊗ (pA⊗V ◦ (ηA ⊗ V )))
= ω ◦ pA⊗V ◦ µA⊗V ◦ (βν ⊗ ηA ⊗ V )
= ω ◦ pA⊗V ◦ µA⊗V ◦ (µA ⊗ V ⊗A⊗ V ) ◦ (A⊗ ν ⊗ ηA ⊗ V )
= ω ◦ pA⊗V ◦ (µA ⊗ V ) ◦ (A⊗ (µA⊗V ◦ (ν ⊗ ηA ⊗ V )))
= ω ◦ pA⊗V ◦ (µA ⊗ V ) ◦ (A⊗ (∇A⊗V ◦ (ηA ⊗ V )))
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= ω ◦ pA⊗V
where the rst equality follows by the ommutativity of the diagram, the seond one by the
ondition of algebra morphism for ω, the third one by the denition of µA×V , the fourth one is
a onsequene of the denition of βν , the fth one uses that µA⊗V is a left A-module morphism,
the sixth one follows by ∇A⊗V = ∇
ν
A⊗V and nally, the seventh one uses that ∇A⊗V is a left
A-module morphism.
Then, as a onsequene, we have the following:
µB ◦ (iA ⊗ iV ) ◦ ν = ω ◦ pA⊗V ◦ ν = ω ◦ ηA⊗V = ηB
and (24) holds. On the other hand,
µB ◦(iA⊗iV )◦ψ
A
V = ω◦pA⊗V ◦µA⊗V ◦(ηA⊗V ⊗βν) = ω◦µA×V ◦((pA⊗V ◦(ηA⊗V ))⊗(pA⊗V ◦βν))
= µB ◦ ((ω ◦ pA⊗V ◦ (ηA ⊗ V ))⊗ (ω ◦ pA⊗V ◦ βν)) = µB ◦ (iV ⊗ iA)
and (27) holds.
Finally, we obtain (28) by similar omputations.
µB ◦ (iA ⊗ iV ) ◦ σ
A
V = ω ◦ pA⊗V ◦ µA⊗V ◦ (ηA ⊗ V ⊗ ηA ⊗ V )
= ω ◦ µA×V ◦ ((pA⊗V ◦ (ηA ⊗ V ))⊗ (pA⊗V ◦ (ηA ⊗ V )))
= µB ◦ ((ω ◦ pA⊗V ◦ (ηA ⊗ V ))⊗ (ω ◦ pA⊗V ◦ (ηA ⊗ V ))) = µB ◦ (iV ⊗ iV )
The proof for (ii)⇒(i) is the following. Dene ω = µB ◦ (iA ⊗ iV ) ◦ iA⊗V : A× V → B. First
we need to prove that this morphism is multipliative, and this fat follows by:
ω ◦ µA×V
= µB ◦ ((µB ◦ (iA ⊗ iA))⊗ (µB ◦ (iA ⊗ iV ) ◦ σ
A
V )) ◦ (A⊗ ψ
A
V ⊗ V ) ◦ (iA⊗V ⊗ iA⊗V )
= µB ◦ (B ⊗ µB) ◦ (iA ⊗ (µB ◦ (iA ⊗ iV ) ◦ ψ
A
V )⊗ iV ) ◦ (iA⊗V ⊗ iA⊗V )
= µB ◦ (ω ⊗ ω).
The rst equality follows by the assoiativity of µB and the ondition of algebra morphism for
iA, the seond one by (28) and the assoiativity of µB. The third one is a onsequene of (27)
as well as the assoiativity of µB .
Now by (24) we obtain that ω ◦ ηA⊗V = ηB and therefore ω is an algebra morphism.
Moreover, equalities (24), (27) and the ondition of algebra morphism for iA fores the diagram
to be ommutative. Indeed:
ω ◦ pA⊗V ◦ βν
= µB ◦ ((iA ◦ µA)⊗ iV ) ◦ (A⊗ ν)
= µB ◦ (iA ⊗ (µB ◦ (iA ⊗ iV ) ◦ ν))
= µB ◦ (iA ⊗ ηB)
= iA
and
ω ◦ pA⊗V ◦ (ηA ⊗ V )
= µB ◦ (iA ⊗ iV ) ◦ ∇A⊗V ◦ (ηA ⊗ V )
= µB ◦ (iA ⊗ iV ) ◦ ψ
A
V ◦ (V ⊗ ηA)
= µB ◦ (iV ⊗ (iA ◦ ηA))
= µB ◦ (iV ⊗ ηB)
= iV .
Finally, suppose that θ : A × V → B is a morphism that satises the same onditions as ω.
Then:
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ω
= µB ◦ (iA ⊗ iV ) ◦ iA⊗V
= µB ◦ ((θ ◦ pA⊗V ◦ βν)⊗ (θ ◦ pA⊗V ◦ (ηA ⊗ V )) ◦ iA⊗V
= θ ◦ pA⊗V ◦ µA⊗V ◦ (βν ⊗ ηA ⊗ V ) ◦ iA⊗V
= θ ◦ pA⊗V ◦ ∇A⊗V ◦ iA⊗V
= θ
and therefore ω is unique. ✷
Remark 1.8. Theorems 1.4 and 1.7 are the generalization to the weak ase of Propositions
2.3 and 2.4 of [9℄. In these results Bespalov and Drabant desribed equivalent projetion and
injetion onditions for an algebra to be isomorphi to a ross produt algebra and haraterized
the universal onstrution in this setting.
Remark 1.9. In the previous results we develop a theory of rossed produts in A ⊗ V . In a
symmetri way it is possible to obtain similar results for V ⊗A. In this new ase we must work
with morphisms ψVA : A ⊗ V → V ⊗ A, σ
V
A : V ⊗ V → V ⊗ A and the assoiated idempotent,
∇V⊗A : V ⊗A→ V ⊗A, is dened by
∇V⊗A = (V ⊗ µA) ◦ ((ψ
V
A ◦ (ηA ⊗ V ))⊗A). (29)
The indued produt µV⊗A : V ⊗A⊗ V ⊗A→ V ⊗A is
µV⊗A = (V ⊗ µA) ◦ (σ
V
A ⊗ µA) ◦ (V ⊗ ψ
V
A ⊗A) (30)
and the preunit is a morphism ν : K → V ⊗A.
The next proposition shows that under suitable onditions it is possible to nd a weak rossed
produt over V ⊗A one we have one dened on A⊗ V .
Proposition 1.10. Let (A ⊗ V, µA⊗V ) be a weak rossed produt with assoiated morphisms
ψAV : V ⊗A→ A⊗V , σ
A
V : V ⊗V → A⊗V . Let (A,V, ψ
V
A : A⊗V → V ⊗A) be a triple satisfying
(V ⊗ µA) ◦ (ψ
V
A ⊗A) ◦ (A⊗ ψ
V
A ) = ψ
V
A ◦ (µA ⊗ V ). (31)
Let ∇A⊗V be the idempotent of the weak rossed produt (A⊗V, µA⊗V ) and ∇V⊗A a morphism
given as in (29). Then if
ψAV ◦ ψ
V
A = ∇A⊗V (32)
and
ψVA ◦ ψ
A
V = ∇V⊗A, (33)
hold, the pair (V ⊗ A,µV⊗A) is a weak rossed produt with assoiated morphisms ψ
V
A , σ
V
A =
ψVA ◦ σ
A
V : V ⊗ V → V ⊗A and the produt µV⊗A dened in (30) satises
µV⊗A = ψ
V
A ◦ µA⊗V ◦ (ψ
A
V ⊗ ψ
A
V ). (34)
Moreover, if (A ⊗ V, µA⊗V ) is a weak rossed produt with preunit ν : K → A ⊗ V , the pair
(V ⊗A,µV⊗A) is a weak rossed produt with preunit υ = ψ
V
A ◦ ν : K → V ⊗A.
Proof:
First note that ∇V⊗A ◦ σ
V
A = σ
V
A beause by (32) and (33),
∇V⊗A ◦ σ
V
A = ψ
V
A ◦ ψ
A
V ◦ ψ
V
A ◦ σ
A
V = ψ
V
A ◦ ∇A⊗V ◦ σ
A
V = ψ
V
A ◦ σ
A
V = σ
V
A .
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Before proving the twisted and the oyle onditions for ψVA and σ
V
A observe that by (31) we
obtain:
ψVA ◦ (µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (σ
A
V ⊗A) = (V ⊗ µA) ◦ (σ
V
A ⊗A) (35)
and as a onsequene of (32) and (6) we have
(ψAV ⊗ V ) ◦ (V ⊗ (ψ
A
V ◦ ψ
V
A )) ◦ (ψ
V
A ⊗ V ) (36)
= (µA ⊗ V ⊗ V ) ◦ (A⊗ ψ
A
V ⊗ V ) ◦ (A⊗ V ⊗ (ψ
A
V ◦ (V ⊗ ηA))).
We now proeed to prove the twisted ondition for ψVA and σ
V
A .
(V ⊗ µA) ◦ (σ
V
A ⊗A) ◦ (V ⊗ ψ
V
A ) ◦ (ψ
V
A ⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (σ
A
V ⊗A) ◦ (V ⊗ ψ
V
A ) ◦ (ψ
V
A ⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ (ψ
A
V ◦ ψ
V
A )) ◦ (ψ
V
A ⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (µA ⊗ σ
A
V ) ◦ (A⊗ ψ
A
V ⊗ V ) ◦ (A⊗ V ⊗ (ψ
A
V ◦ (V ⊗ ηA)))
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ ((µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ (ψ
A
V ◦ (V ⊗ ηA)))))
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ ((µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (σ
A
V ⊗ ηA)))
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ (∇A⊗V ◦ σ
A
V ))
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V )
= (V ⊗ µA) ◦ (ψ
V
A ⊗A) ◦ (A⊗ σ
V
A ).
The rst equality follows by (35), the seond and the fourth ones by the twisted ondition for
(A ⊗ V, µA⊗V ), the third one by (36), the fth one by the assoiativity of µA, the sixth one by
the denition of ∇A⊗V , the seventh one by (10) and nally the eighth one by (31).
The proof for the oyle ondition is the following:
(V ⊗ µA) ◦ (σ
V
A ⊗A) ◦ (V ⊗ σ
V
A )
= (V ⊗ µA) ◦ ((∇V⊗A ◦ ψ
V
A )⊗A) ◦ (σ
A
V ⊗A) ◦ (V ⊗ (ψ
V
A ◦ σ
A
V ))
= ψVA ◦ ψ
A
V ◦ (V ⊗ µA) ◦ ((ψ
V
A ◦ σ
A
V )⊗A) ◦ (V ⊗ (ψ
V
A ◦ σ
A
V ))
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (σ
A
V ⊗A) ◦ (V ⊗ (ψ
V
A ◦ σ
A
V ))
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ σ
A
V )
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (σ
A
V ⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ (∇A⊗V ◦ σ
A
V )) ◦ (σ
A
V ⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ ((µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (σ
A
V ⊗ ηA))) ◦ (σ
A
V ⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (µA ⊗ σ
A
V ) ◦ (A⊗ ψ
A
V ⊗ V ) ◦ (σ
A
V ⊗ (ψ
A
V ◦ (V ⊗ ηA)))
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ (ψ
A
V ◦ ψ
V
A )) ◦ ((ψ
V
A ◦ σ
A
V )⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (σ
A
V ⊗ V ) ◦ (V ⊗ ψ
V
A ) ◦ ((ψ
V
A ◦ σ
A
V )⊗ V )
= (A⊗ µA) ◦ (σ
V
A ⊗A) ◦ (V ⊗ ψ
V
A ) ◦ (σ
V
A ⊗ V ).
The rst equality follows by ∇V⊗A ◦ ψ
V
A = ψ
V
A , the seond one by (33) and right A-linearity
of ∇V⊗A where φV⊗A = V ⊗ µA. The third one is a onsequene of (6) and (10), the forth one
follows by the twisted ondition for (A ⊗ V, µA⊗V ) as well as (10), the fth one by the oyle
ondition for (A ⊗ V, µA⊗V ), the sixth one by (10), the seventh one by the denition of ∇A⊗V ,
the eighth one by the twisted ondition for (A⊗ V, µA⊗V ) and the assoiativity of µA, the ninth
one by (36), the tenth one by the twisted ondition for (A ⊗ V, µA⊗V ) and the eleventh one by
(35).
Therefore, (V ⊗A,µV⊗A) is a weak rossed produt with assoiated morphisms ψ
V
A , σ
V
A .
Finally, by a similar alulus we have µV⊗A = ψ
V
A ◦ µA⊗V ◦ (ψ
A
V ⊗ ψ
A
V ). Indeed:
µV⊗A
= (V ⊗ µA) ◦ (((V ⊗ µA) ◦ ((ψ
V
A ◦ σ
A
V )⊗A))⊗A) ◦ (V ⊗ ψ
V
A ⊗A)
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (σ
A
V ⊗ µA) ◦ (V ⊗ ψ
V
A ⊗A)
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= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ (ψ
A
V ◦ (V ⊗ µA) ◦ (ψ
V
A ⊗A)))
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ ((µA ⊗ V ) ◦ (µA ⊗ ψ
A
V )◦
(A⊗ (ψAV ◦ (V ⊗ ηA))⊗A)))
= ψVA ◦ (µA ⊗ V ) ◦ (µA ⊗ σ
A
V ) ◦ (A⊗ ψ
A
V ⊗ V ) ◦ (ψ
A
V ⊗ ψ
A
V )
= ψVA ◦ µA⊗V ◦ (ψ
A
V ⊗ ψ
A
V ).
To omplete the proof suppose that (A ⊗ V, µA⊗V ) is a weak rossed produt with preunit
ν : K → A ⊗ V and dene υ = ψVA ◦ ν : K → V ⊗ A. To obtain that υ is a preunit for
(V ⊗A,µV⊗A) it is suient to hek:
(V ⊗ µA) ◦ (σ
V
A ⊗A) ◦ (V ⊗ ψ
V
A ) ◦ (υ ⊗ V ) = ∇V⊗A ◦ (V ⊗ ηA), (37)
(V ⊗ µA) ◦ (σ
V
A ⊗A) ◦ (V ⊗ υ) = ∇V⊗A ◦ (V ⊗ ηA), (38)
(V ⊗ µA) ◦ (ψ
V
A ⊗A) ◦ (A⊗ υ) = βυ, (39)
i.e. the symmetri versions of the equalities (15), (16) and (17).
Equality (37) follows by:
(V ⊗ µA) ◦ (σ
V
A ⊗A) ◦ (V ⊗ ψ
V
A ) ◦ (υ ⊗ V )
= (V ⊗ µA) ◦ (ψ
V
A ⊗A) ◦ (A⊗ (ψ
V
A ◦ σ
A
V )) ◦ (ν ⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ν ⊗ V )
= ψVA ◦ ∇A⊗V ◦ (ηA ⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (ηA ⊗ (ψ
A
V ◦ (V ⊗ ηA)))
= ψVA ◦ ψ
A
V ◦ (V ⊗ ηA)
= ∇V⊗A ◦ (V ⊗ ηA),
where the rst identity is onsequene of the twisted ondition for (V ⊗A,µV ⊗A), the seond
one of (31), the third one of (16), the fourth one of the denition of ∇A⊗V , the fth one of the
unit of µA and the sixth one of (33).
The identity (38) follows by
∇V⊗A ◦ (V ⊗ ηA)
= ψVA ◦ ∇A⊗V ◦ (ηA ⊗ V )
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ σ
A
V ) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ ν)
= (V ⊗ µA) ◦ (ψ
V
A ⊗A) ◦ (A⊗ (ψ
V
A ◦ σ
A
V )) ◦ (ψ
A
V ⊗ V ) ◦ (V ⊗ ν)
= (V ⊗ µA) ◦ ((ψ
V
A ◦ σ
A
V )⊗A) ◦ (V ⊗ ψ
V
A ) ◦ (∇V⊗A ⊗ V ) ◦ (V ⊗ ν)
= (V ⊗ µA) ◦ ((ψ
V
A ◦ σ
A
V )⊗ µA) ◦ (V ⊗ ψ
V
A ⊗A) ◦ ((ψ
V
A ◦ (ηA ⊗ V ))⊗ υ)
= (V ⊗ µA) ◦ (((V ⊗ µA) ◦ (σ
V
A ⊗A) ◦ (V ⊗ ψ
V
A ))⊗A) ◦ ((ψ
V
A ◦ (ηA ⊗ V ))⊗ υ)
= (V ⊗ µA) ◦ (ψ
V
A ⊗A) ◦ (µA ⊗ V ⊗A) ◦ (ηA ⊗ ((σ
A
V ⊗A) ◦ (V ⊗ υ)))
= (V ⊗ µA) ◦ (σ
V
A ⊗A) ◦ (V ⊗ υ),
where the rst equality follows by (33), the seond one by (15), the third one by (31), the
fourth one by the twisted ondition for (V ⊗A,µV⊗A) and (33), the fth one by the denition of
∇V⊗A and (31), the sixth one by the assoativity of µA, the seventh one by the twisted ondition
for (V ⊗A,µV⊗A) and nally the eighth one by the properties of the unit of A.
Finally, by (17) and similar arguments to the ones used previously, the proof for (39) is the
following:
(V ⊗ µA) ◦ (ψ
V
A ⊗A) ◦ (A⊗ υ)
= ψVA ◦ βν
= ψVA ◦ (µA ⊗ V ) ◦ (A⊗ ψ
A
V ) ◦ (ν ⊗A)
= (V ⊗ µA) ◦ (ψ
V
A ⊗A) ◦ (A⊗∇V⊗A) ◦ (ν ⊗A)
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= (V ⊗ µA) ◦ (((V ⊗ µA) ◦ (ψ
V
A ⊗A) ◦ (A⊗ (ψ
V
A ◦ (ηA ⊗ V )))) ⊗A) ◦ (ν ⊗A)
= (V ⊗ µA) ◦ (υ ⊗A)
= βυ.
Therefore, υ is a preunit for (V ⊗A,µV⊗A) and the proof is nished. ✷
1.11. As our aim is to deal with algebrai strutures that involve rossed produts and o-
produts, in the rest of the setion we give some denitions an results related to weak rossed
oproduts. This theory is obtained by an straightforward dualization of the one of weak rossed
produts. The proofs an be obtained from the orresponding proofs for weak rossed produts
dened in A⊗V or V ⊗A by dualization. We refer to [17℄ for the notation and the main results.
Let C be a oalgebra and V an objet. Suppose that there exists a morphism χCV : C ⊗ V →
V ⊗ C suh that the following equality holds:
(χCV ⊗ C) ◦ (C ⊗ χ
C
V ) ◦ (δC ⊗ V ) = (V ⊗ δC) ◦ χ
C
V (40)
As a onsequene the morphism ΓC⊗V : C ⊗ V → C ⊗ V dened by
ΓC⊗V = (C ⊗ V ⊗ εC) ◦ (C ⊗ χ
C
V ) ◦ (δC ⊗ V ). (41)
is idempotent. Moreover, ΓC⊗V is a left C-omodule morphism where the left oation is given
as ρC⊗V = δC ⊗ V .
Heneforth we will onsider quadruples (C, V, χCV , τ
C
V ) where C, V and χ
C
V satisfy the ondition
(40) and τCV : C ⊗ V → V ⊗ V is a morphism in C. For the morphism ΓC⊗V dened in (41) we
denote by C✷V the image of ΓC⊗V and by iC⊗V : C✷V → C ⊗ V , pC⊗V : C ⊗ V → C✷V the
injetion and the projetion assoiated to the idempotent.
Following the ideas behind the theory of weak rossed produts, we will set two properties
that guarantee the oassoiativity of ertain weak rossed oprodut on C⊗V . We will say that
a quadruple (C, V, χCV , τ
C
V ) satises the twisted ondition if
(τCV ⊗ C) ◦ (C ⊗ χ
C
V ) ◦ (δC ⊗ V ) = (V ⊗ χ
C
V ) ◦ (χ
C
V ⊗ V ) ◦ (C ⊗ τ
C
V ) ◦ (δC ⊗ V ), (42)
and the oyle ondition holds if
(τCV ⊗ V ) ◦ (V ⊗ τ
C
V ) ◦ (δC ⊗ V ) (43)
= (V ⊗ τCV ) ◦ (χ
C
V ⊗ V ) ◦ (C ⊗ τ
C
V ) ◦ (δC ⊗ V ).
By virtue of Proposition 5.9 of [17℄ we will onsider from now on, and without loss of generality,
that
τCV ◦ ΓC⊗V = τ
C
V (44)
for all quadruples (C, V, χCV , τ
C
V ).
For a quadruple (C, V, χCV , τ
C
V ) dene the oprodut
δC⊗V = (C ⊗ χ
C
V ⊗ V ) ◦ (δC ⊗ τ
C
V ) ◦ (δC ⊗ V ) (45)
and let δC✷V be the oprodut
δC✷V = (pC⊗V ⊗ pC⊗V ) ◦ δC⊗V ◦ iC⊗V . (46)
If the twisted ondition (42) and the oyle ondition (43) hold, δC⊗V is a oassoiative
oprodut that it is normalized with respet to ΓC⊗V (i.e. δC⊗V ◦ ΓC⊗V = δC⊗V = (ΓC⊗V ⊗
ΓC⊗V ) ◦ δC⊗V ). As a onsequene δC✷V is also a oassoiative oprodut (Proposition 5.10 of
[17℄). Under these irumstanes we say that (C ⊗ V, δC⊗V ) is a weak rossed oprodut.
16
Let C be a oalgebra and V and objet in C. If δC⊗V is a oassoiative oprodut dened in
C ⊗ V with preounit υ : C ⊗ V → K , i.e. a morphism satisfying
(C ⊗ V ⊗ υ) ◦ δC⊗V = (υ ⊗ C ⊗ V ) ◦ δC⊗V = (C ⊗ V ⊗ ((υ ⊗ υ) ◦ δC⊗V )) ◦ δC⊗V , (47)
we obtain that C✷V is a oalgebra with oprodut
δC✷V = (p
υ
C⊗V ⊗ p
υ
C⊗V ) ◦ δC⊗V ◦ i
υ
C⊗V
and ounit εC✷V = υ◦i
υ
C⊗V , where p
υ
C⊗V and i
υ
C⊗V are the injetion and the projetion assoiated
to the idempotent ΓυC⊗V = (C ⊗ V ⊗ υ) ◦ δC⊗V : C ⊗ V → C ⊗ V (see Proposition 5.5 of [17℄).
If moreover, δC⊗V is left C-olinear for the oations ρC⊗V = δC ⊗ V and ρC⊗V⊗C⊗V =
ρC⊗V ⊗ C ⊗ V and normalized with respet to Γ
υ
C⊗V , the morphism
γυ : C ⊗ V → C, γυ = (C ⊗ υ) ◦ (δC ⊗ V ) (48)
is omultipliative and left C-olinear for ρC = δC . Although γυ is not a oalgebra morphism,
beause C⊗V is not a oalgebra, we have that εC ◦ γυ = υ, and as a onsequene the morphism
γ¯υ = γυ ◦ i
υ
C⊗V : C✷V → C is a oalgebra morphism.
In the following theorem we give a haraterization of weak rossed oproduts with preounit:
Theorem 1.12. Let C be a oalgebra, V an objet and ∆C⊗V : C ⊗ V → C ⊗ V ⊗ C ⊗ V a
morphism of left C-omodules.
Then the following statements are equivalent:
(i) The oprodut ∆C⊗V is oassoiative with preounit υ and normalized with respet to
ΓυC⊗V .
(ii) There exist morphisms χCV : C ⊗ V → V ⊗C, τ
C
V : C ⊗ V → V ⊗ V and υ : C ⊗ V → K
suh that if δC⊗V is the oprodut dened in (45), the pair (C ⊗ V, δC⊗V ) is a weak
rossed oprodut with ∆C⊗V = δC⊗V satisfying:
(V ⊗ υ) ◦ (χCV ⊗ V ) ◦ (C ⊗ τ
C
V ) ◦ (δC ⊗ V ) = (εC ⊗ V ) ◦ ΓC⊗V (49)
(υ ⊗ V ) ◦ (C ⊗ τVC ) ◦ (δC ⊗ V ) = (εC ⊗ V ) ◦ ΓC⊗V (50)
(υ ⊗ C) ◦ (C ⊗ χCV ) ◦ (δC ⊗ V ) = γυ, (51)
where γυ is the morphism dened in (48). In this ase υ is a preounit for δC⊗V , the idempotent
morphism of the weak rossed oprodut ΓC⊗V is the idempotent Γ
ν
C⊗V , and we say that (C ⊗
V, δC⊗V ) is a weak rossed oprodut with preounit υ.
As a orollary of the previous result we have:
Corollary 1.13. If (C ⊗ V, δC⊗V ) is a weak rossed oprodut with preounit υ, then C✷V is
a oalgebra with the oprodut dened in (46) and ounit εC✷V = υ ◦ iC⊗V .
Like weak rossed produts, weak rossed oproduts are universal onstrutions too.
Theorem 1.14. Let D be a oalgebra in C. Then it holds equivalently:
(i) There exists a weak rossed oprodut (C⊗V, δC⊗V ) with preounit υ and an isomorphism
of oalgebras ̟ : D → C✷V .
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(ii) There exist a oalgebra C, an objet V , morphisms
pC : D → C, pV : D → V, ΓC⊗V : C ⊗ V → C ⊗ V, ̟ : D → C✷V
suh that pC is a oalgebra morphism, ΓC⊗V is an idempotent morphism of left C-
omodules for the oation ρC⊗V = δC ⊗ V and ̟ is an isomorphism suh that
iC⊗V ◦̟ = (pC ⊗ pV ) ◦ δD
where C✷V is the image of ΓC⊗V and iC⊗V is the assoiated injetion.
(iii) There exist a oalgebra C, an objet V and morphisms pC : D → C, pV : D → V and
ˆ̟ : C ⊗ V → D that satisfy
(iii-1) pC is a oalgebra morphism.
(iii-2) ˆ̟ is a morphism of left C-omodules for ρC⊗V = δC ⊗ V and ρD = (pC ⊗D) ◦ δD.
(iii-3) ˆ̟ ◦ (pC ⊗ pV ) ◦ δD = idD.
Remark 1.15. Note that, if the onditions (ii) or (iii) of Theorem 1.14 hold it is possible to
haraterize the isomorphism ̟ as
̟ = pC⊗V ◦ (pC ⊗ pV ) ◦ δD.
Also, as in the rossed produt ase, the expliit expression for the morphisms pC and pV are:
pC = γυ ◦ iC⊗V ◦̟, pV = (εC ⊗ V ) ◦ iC⊗V ◦̟
where ̟ is the isomorphism of oalgebras.
As we have done for weak rossed produts, we an obtain a weak rossed oprodut as a
universal onstrution, that is:
Theorem 1.16. Let (C ⊗ V, δC⊗V ) be a weak rossed oprodut with preounit ν, and D be a
oalgebra. Suppose that there exists morphisms pC : D → C and pV : D → V suh that pC is a
oalgebra. Then the following assertions are equivalent:
(i) Then there exists an unique oalgebra morphism ̟ : D → C✷V suh that γυ◦iC⊗V ◦̟ =
pC and (εC ⊗ V ) ◦ iC⊗V ◦̟ = pV .
(ii) The equalities
(ii-1) υ ◦ (pC ⊗ pV ) ◦ δD = εD,
(ii-2) χCV ◦ (pC ⊗ pV ) ◦ δD = (pV ⊗ pC) ◦ δD,
(ii-3) τCV ◦ (pC ⊗ pV ) ◦ δD = (pV ⊗ pV ) ◦ δD
hold.
Remark 1.17. Following the theory of weak rossed produts, now we are interested in obtaining
a weak rossed oprodut not on C⊗V but on V ⊗C. In this ase we must onsider morphisms
χVC : V ⊗C → C⊗V , τ
V
C : V ⊗C → V ⊗V and the assoiated idempotent, ΓV⊗C : V ⊗C → V ⊗C,
is dened by
ΓV⊗C = (εC ⊗ V ⊗ C) ◦ (χ
V
C ⊗ C) ◦ (V ⊗ δC). (52)
The indued oprodut δV⊗C : V ⊗ C → V ⊗ C ⊗ V ⊗ C is
δV⊗C = (V ⊗ χ
V
C ⊗ C) ◦ (τ
V
C ⊗ δC) ◦ (V ⊗ δC) (53)
and the preounit is a morphism ν : V ⊗ C → K.
The following result is the dual of Proposition 1.10 and shows that if there exists a weak
rossed oprodut on C ⊗ V then it is possible to nd one on V ⊗ C under ertain onditions.
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Proposition 1.18. Let (C ⊗ V, δC⊗V ) be a weak rossed oprodut with assoiated morphisms
χCV : C ⊗ V → V ⊗ C, τ
C
V : C ⊗ V → V ⊗ V . Let (C, V, χ
V
C : V ⊗ C → C ⊗ V ) be a triple
satisfying
(C ⊗ χVC ) ◦ (χ
V
C ⊗C) ◦ (V ⊗ δC) = (δC ⊗ V ) ◦ χ
V
C . (54)
Suppose that ΓC⊗V is the idempotent assoiated to (C⊗V, δC⊗V ) and ΓV⊗C is the idempotent
given by (52). Then if
χVC ◦ χ
C
V = ΓC⊗V (55)
and
χCV ◦ χ
V
C = ΓV⊗C , (56)
the pair (V ⊗C, δV⊗C) is a weak rossed oprodut with assoiated morphisms χ
V
C , τ
V
C = σ
C
V ◦χ
V
C :
V ⊗ C → V ⊗ V and the oprodut δV⊗C dened in (53) satises
δV⊗C = (χ
C
V ⊗ χ
C
V ) ◦ δC⊗V ◦ χ
V
C . (57)
Moreover, if (C ⊗ V, δC⊗V ) is a weak rossed oprodut with preounit υ : C ⊗ V → K, the
pair (V ⊗ C, δV ⊗C) is a weak rossed oprodut with preounit ν = υ ◦ χ
V
C : V ⊗ C → K.
2. Weak rossed biproduts
The aim of this setion is to obtain a weak bialgebra in a braided ategory C whose produt is
given as a weak rossed produt and whose oprodut is given as a weak rossed oprodut. That
is, we give the notion of a weak rossed biprodut, and furthermore we haraterize suh objets.
Hene in this setion the ategory C will be braided with braid c. The notions of weak bialgebra
and weak Hopf algebra in a braided ategory were introdued in [2℄ and the main properties
of these algebrai objets were obtained in [3℄. Weak Hopf algebras in a braided ategory were
reently alled weak Hopf monoids by Pastro and Street (see [24℄). In this last referene, the
authors showed that it is possible to obtain examples of weak Hopf algebras and weak bialgebras
in a braided setting working with separable Frobenius algebras in C.
The denition of weak bialgebra in a braided ategory C is the following:
Denition 2.1. A weak bialgebra in a braided ategory C with braiding c, is an objet in C
with an algebra struture (D, ηD, µD) and a oalgebra struture (D, εD, δD) satisfying:
(i) δD ◦ µD = (µD ⊗ µD) ◦ (D ⊗ cD,D ⊗D) ◦ (δD ⊗ δD).
(ii) εD ◦ µD ◦ (µD ⊗D) = ((εD ◦ µD)⊗ (εD ◦ µD)) ◦ (D ⊗ δD ⊗D)
= ((εD ◦ µD)⊗ (εD ◦ µD)) ◦ (D ⊗ (c
−1
D,D ◦ δD)⊗D).
(iii) (δD ⊗D) ◦ δD ◦ ηD = (D ⊗ µD ⊗D) ◦ ((δD ◦ ηD)⊗ (δD ◦ ηD))
= (D ⊗ (µD ◦ c
−1
D,D)⊗D) ◦ ((δD ◦ ηD)⊗ (δD ◦ ηD)).
If moreover, the following onditions hold,
(iv) There exists a morphism λD : D → D in C (alled the antipode of D) satisfying:
(iv-1) idD ∧ λD = ((εD ◦ µD)⊗D) ◦ (D ⊗ cD,D) ◦ ((δD ◦ ηD)⊗D),
(iv-2) λD ∧ idD = (D ⊗ (εD ◦ µD)) ◦ (cD,D ⊗D) ◦ (D ⊗ (δD ◦ ηD)),
(iv-3) λD ∧ idD ∧ λD = λD,
the weak bialgebra D is a weak Hopf algebra in the braided ategory C.
IfD is a weak bialgebra it is possible to dene the endomorphisms ofD, ΠLD (target morphism),
ΠRD (soure morphism), Π
L
D and Π
R
D by Π
L
D = ((εD ◦ µD)⊗D) ◦ (D ⊗ cD,D) ◦ ((δD ◦ ηD)⊗D),
ΠRD = (D⊗(εD ◦µD))◦(cD,D⊗D)◦(D⊗(δD ◦ηD)), Π
L
D = (D⊗(εD ◦µD))◦((δD ◦ηD)⊗D), and
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Π
R
D = ((εD ◦ µD)⊗D) ◦ (D⊗ (δD ◦ ηD)). It is straightforward to show that they are idempotent
(Proposition 2.9 of [3℄), and by Proposition 2.10 of [3℄ the following identities hold
ΠLH ◦Π
L
D = Π
L
D, Π
L
D ◦ Π
R
D = Π
R
D, Π
L
D ◦ Π
L
D = Π
L
D, Π
R
D ◦ Π
L
D = Π
L
D, (58)
ΠRD ◦Π
L
D = Π
L
D, Π
R
D ◦Π
R
D = Π
R
D, Π
L
D ◦ Π
R
D = Π
R
D, Π
R
D ◦ Π
R
D = Π
R
D.
If D is a weak Hopf algebra the antipode satises
ΠLD ◦ λD = Π
L
D ◦ Π
R
D = λD ◦ Π
R
D, Π
R
D ◦ λD = Π
R
D ◦ Π
L
D = λD ◦ Π
L
D, (59)
ΠLD = Π
R
D ◦ λD = λD ◦ Π
L
D, Π
R
D = Π
L
D ◦ λD = λD ◦ Π
R
D.
Moreover, it is antimultipliative, antiomultipliative and leaves the unit and the ounit
invariant,i.e.:
λD ◦ µD = µD ◦ cD,D ◦ (λD ⊗ λD), (60)
δD ◦ λD = (λD ⊗ λD) ◦ cD,D ◦ δD, (61)
λD ◦ ηD = ηD, εD ◦ λD = εD (62)
(see Proposition 2.20 of [3℄).
In the following denition we introdue the notion of weak rossed biprodut that generalizes
to the weak setting the denition of ross produt bialgebra due to Bespalov and Drabant [9℄.
Denition 2.2. A weak bialgebra D in a braided monoidal ategory C is alled a weak rossed
biprodut if there exist an algebra A, a oalgebra C and morphisms
ψCA : A⊗ C → C ⊗A, σ
C
A : C ⊗ C → C ⊗A, ν : K → C ⊗A,
χCA : C ⊗A→ A⊗ C, τ
C
A : C ⊗A→ A⊗A, υ : C ⊗A→ K
suh that
(i) The pair (C ⊗A,µC⊗A) is a weak rossed produt with preunit ν.
(ii) The pair (C ⊗A, δC⊗A) is a weak rossed oprodut with preounit υ.
(iii) ∇C⊗A = ΓC⊗A where ∇C⊗A is the idempotent assoiated to the weak rossed produt
and ΓC⊗A the idempotent assoiated to the weak rossed oprodut.
(iv) There exists an isomorphism of algebras and oalgebras α : C × A → D where C × A
denotes the image of ∇C⊗A or, equivalently, the image of ΓC⊗A .
(v) The preunit and the preounit satisfy
(εC ⊗A) ◦ ν = ηA,
υ ◦ (C ⊗ ηA) = εC ,
respetively.
If we ombine the symmetri version of Theorem 1.4 and Theorem 1.14 we obtain a hara-
terization of weak rossed biproduts as universal onstrutions:
Theorem 2.3. Let D be a weak bialgebra in C. The following are equivalent.
(i) D is a weak rossed biprodut.
(ii) There exists morphisms πD : D → D and θD : D → D suh that
(ii-1) πD ◦ ηD = ηD.
(ii-2) µD ◦ (πD ⊗ πD) = πD ◦ µD ◦ (πD ⊗ πD).
(ii-3) εD ◦ θD = εD.
(ii-4) (θD ⊗ θD) ◦ δD = (θD ⊗ θD) ◦ δD ◦ θD.
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(ii-5) (θD ⊗ πD) ◦ δD ◦ µD ◦ (D ⊗ πD) = (D ⊗ µD) ◦ (((θD ⊗ πD) ◦ δD)⊗ πD).
(ii-6) (θD ⊗D) ◦ δD ◦ µD ◦ (θD ⊗ πD) = (θD ⊗ (µD ◦ (θD ⊗ πD))) ◦ (δD ⊗D).
(ii-7) θD ∧ πD = idD.
(iii) The following assertions hold.
(iii-1) There exist an algebra A and morphisms iA : A → D, pA : D → A suh that iA is
an algebra morphism and pA ◦ iA = idA.
(iii-2) There exist an oalgebra C and morphisms iC : C → D, pC : D → C suh that pC
is a oalgebra morphism and pC ◦ iC = idC .
(iii-3) There exists an idempotent morphism ∇C⊗A : C⊗A→ C⊗A of right A-modules, for
the ation φC⊗A = C ⊗ µA, and left C-omodules, for the oation ρC⊗A = δC ⊗A,
and an isomorphism ω : C ×A→ D suh that
pC⊗A = ω
−1 ◦ µD ◦ (iC ⊗ iA)
and
iC⊗A = (pC ⊗ pA) ◦ δD ◦ ω
where C ×A denotes the image of ∇C⊗A and pC⊗A, iC⊗A the assoiated projetion
and injetion respetively.
Proof:
(i) ⇒ (iii) By the symmetri version of Theorem 1.4 we have that there exist morphisms iA :
A → D, iC : C → D, ∇C⊗A : C ⊗ A → A ⊗ C where iA is an algebra morphism, ∇C⊗A is an
idempotent morphism of right A-modules for the ation φC⊗A = C⊗µA and α is an isomorphism
of algebras suh that α ◦ pC⊗A = µD ◦ (iC ⊗ iA). By (ii) of Denition 2.2 and Theorem 1.14
we obtain that ∇C⊗A is a morphism of left C-omodules for the oation ρC = δC ⊗ V and
there exists morphisms pC : D → C, pA : D → A, where pC is a oalgebra morphism and
iC⊗A ◦ α
−1 = (pC ⊗ pA) ◦ δD. The morphisms iA, iC , pC and pA are dened by
iA = α ◦ pC⊗A ◦ βν , pA = (εC ⊗A) ◦ iC⊗A ◦ α
−1, (63)
iC = α ◦ pC⊗A ◦ (C ⊗ ηA), pC = γυ ◦ iC⊗A ◦ α
−1. (64)
Then, using the ondition of right A-module morphism for ∇C⊗A and (5) of Denition 2.2 we
have:
pA ◦ iA = (εC ⊗A) ◦ ∇C⊗A ◦ (C ⊗ µA) ◦ (ν ⊗A) = (εC ⊗ µA) ◦ ((∇C⊗A ◦ ν)⊗A) =
(εC ⊗ µA) ◦ (ν ⊗A) = µA ◦ (ηA ⊗A) = idA.
In a similar way, by the ondition of left C-omodule morphism for ∇C⊗A and (5) of Denition
2.2, we prove that pC ◦ iC = idC .
(iii) ⇒ (i) The proof of this impliation is a diret onsequene of Theorem 1.14 and the
symmetri version of Theorem 1.4. Obviously, the isomorphism α : C × A → D is ω and the
preunit and the preounit are:
ν = iC⊗A ◦ ω
−1 ◦ ηD, υ = εD ◦ ω ◦ pC⊗A. (65)
Then, we have
(εC ⊗A) ◦ ν = (εC ⊗A) ◦ iC⊗A ◦ω
−1 ◦ ηD = (εC ⊗A) ◦ (pC ⊗ pA) ◦ δD ◦ω ◦ω
−1 ◦ ηD = pA ◦ ηD =
pA ◦ iA ◦ ηA = ηA,
and in a similar way we obtain υ ◦ (C ⊗ ηA) = εC .
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(ii) ⇒ (iii) First note that (ii-1) and (ii-2) imply that πD is an idempotent morphism. In a
similar way θD is idempotent by (ii-3) and (ii-4). Moreover, by (ii-7) it is easy to prove that
∇D⊗D = (θD ⊗ πD) ◦ δD ◦ µD ◦ (θD ⊗ πD) (66)
is an idempotent morphism with splitting morphisms
pD⊗D = µD ◦ (θD ⊗ πD), iD⊗D = (θD ⊗ πD) ◦ δD.
We dene iA, pA, iC , pC as the morphisms that split πD and θD respetively, i.e.,
iA ◦ pA = πD, pA ◦ iA = idA,
iC ◦ pC = θD, pC ◦ iC = idC ,
for some objets A and C. By (ii-1) and (ii-2) we obtain that A is an algebra with unit ηA =
pA ◦ ηD and produt µA = pA ◦ µD ◦ (iA ⊗ iA). Similarly, by (ii-3) and (ii-4) we prove that C is
an oalgebra with ounit εC = εD ◦ iC and oprodut δC = (pC ⊗ pC) ◦ δC ◦ iC . Therefore, iA is
an algebra morphism and pC a oalgebra morphism.
Now dene ∇C⊗A : C ⊗A→ C ⊗A by
∇C⊗A = (pC ⊗ pA) ◦ ∇D⊗D ◦ (iC ⊗ iA),
where ∇D⊗D is the idempotent dened in (66). Then, ∇C⊗A is idempotent, satises the identity
∇C⊗A = (pC ⊗ pA) ◦ δD ◦ µD ◦ (iC ⊗ iA)
and, as a onsequene, the splitting morphisms are
pC⊗A = µD ◦ (iC ⊗ iA), iC⊗A = (pC ⊗ pA) ◦ δD,
the image of ∇C⊗A is A× C = D and ω = idD = ̟.
Finally, ∇C⊗A is a morphism of right A-modules, for the ation φ ϕC⊗A = C ⊗ µA, and a
morphism of left C-omodules, for the oation ρC⊗A = δC⊗A. Indeed, to obtain the A-linearity
of ∇C⊗A hek:
∇C⊗A ◦ φC⊗A
= (pC ⊗ (pA ◦ µD)) ◦ (D ⊗ πD ⊗D) ◦ ((δD ◦ iC)⊗ (iA ◦ µA))
= (pC ⊗ (pA ◦ µD)) ◦ (D ⊗ (µD ◦ (πD ⊗D))⊗D) ◦ ((δD ◦ iC)⊗ iA ⊗ iA)
= (pC ⊗ (µA ◦ (pA ⊗A))) ◦ ((∇D⊗D ◦ (iC ⊗ iA))⊗A)
= (C ⊗ µA) ◦ (∇C⊗A ⊗A),
where the rst equality follows by (ii-5), the seond one by the assoiativity of µD and the third
one by (ii-5).
Using (ii-6) and by similar omputations, follows the proof for∇C⊗A to be of left C-omodules.
(iii) ⇒ (ii) Dene the morphism πD : D → D and θD : D → D as πD = iA ◦ pA and
θD = iC ◦ pC . These morphisms are idempotent beause pA ◦ iA = idA and pC ◦ iC = idC . To
hek (ii-1) ompute:
πD ◦ ηD = iA ◦ pA ◦ ηD = iA ◦ ηA = ηD
where the seond and the third identities follows by the ondition of algebra morphism for iA.
Using as well that iA is an algebra morphism we obtain
πD ◦ µD ◦ (πD ⊗ πD) = iA ◦ µA ◦ (pA ⊗ pA) = µD ◦ (πD ⊗ πD),
i.e., (ii-2) holds. In a similar way, using the ondition of oalgebra morphism for pC we obtain
(ii-3) and (ii-4).
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Note that we have the following identities for the splitting morphisms assoiated to ∇C⊗A,
pC⊗A = ̟ ◦ µD ◦ (iC ⊗ iA), iC⊗A = (pC ⊗ pA) ◦ δD ◦ ω.
Using these equalities ompute:
̟ ◦ (θD ∧ πD) ◦ ω
= ̟ ◦ µD ◦ (iC ⊗ iA) ◦ (pC ⊗ pA) ◦ δD ◦ ω
= pC⊗A ◦ iC⊗A
= idC×A
and therefore, θD ∧ πD = idD, thus (ii-7) holds.
To prove (ii-5) we need some preliminary steps. First note that for the idempotent morphism
∇D⊗D = (θD ⊗ πD) ◦ δD ◦ µD ◦ (θD ⊗ πD) the equality ∇C⊗A = (pC ⊗ pA) ◦ ∇D⊗D ◦ (iC ⊗ iA)
holds and, using the ondition of right A-module morphism for ∇C⊗A:
∇D⊗D ◦ (D ⊗ (µD ◦ (iA ⊗ iA)))
= (iC ⊗ iA) ◦ ∇C⊗A ◦ (pC ⊗ µA)
= (iC ⊗ (iA ◦ µA)) ◦ ((∇C⊗A ◦ (pC ⊗A))⊗A)
= (iC ⊗ (µD ◦ (iA ⊗ iA))) ◦ ((∇C⊗A ◦ (pC ⊗A))⊗A)
= (D ⊗ µD) ◦ ((∇D⊗D ◦ (D ⊗ iA))⊗ iA)
and then we obtain
∇D⊗D ◦ (D ⊗ (µD ◦ (πD ⊗ πD))) = (D ⊗ µD) ◦ ((∇D⊗D ◦ (D ⊗ πD))⊗ πD). (67)
As a onsequene,
(θD ⊗ πD) ◦ δD ◦ µD ◦ (D ⊗ πD)
= (θD ⊗ πD) ◦ δD ◦ µD ◦ ((θD ∧ πD)⊗ πD)
= ∇D⊗D ◦ (θD ⊗ (µD ◦ (πD ⊗ πD))) ◦ (δD ⊗D)
= (D ⊗ µD) ◦ ((∇D⊗D ◦ (θD ⊗ πD) ◦ δD)⊗ πD)
= (D ⊗ µD) ◦ (((θD ⊗ πD) ◦ δD ◦ (θD ∧ πD))⊗ πD)
= (D ⊗ µD) ◦ (((θD ⊗ πD) ◦ δD)⊗ πD),
where the rst equality follows by (ii-7), the seond one by the assoiativity of µD and (ii-2), the
third one by (67), the fourth one by denition of ∇D⊗D and nally the last one by (ii-7) and
these omputations yield (ii-5).
The proof of (ii-6) is similar and we leave it to the reader.
✷
If we are under the onditions of Theorem 2.3, observe that equalities (ii-1) and (ii-2) mean that
iA is a morphism of algebras. Similarly, (ii-3) and (ii-4) mean that pC is a morphism of oalgebras.
Now reall from the symmetri version of Theorem 1.4 that we require the existene of a morphism
ωˆ : D → C ⊗A that must be of right A-modules and must satisfy µD ◦ (iC ⊗ iA) ◦ ωˆ = idD, and
moreover ωˆ ◦ µD ◦ (iC ⊗ iA) = ∇C⊗A. In this ase
ωˆ = (pC ⊗ pA) ◦ δD
and ondition (ii-5) guarantees that it is a morphism of right A-modules. In an analogous way,
and by Theorem 1.14, there exists a morphism ˆ̟ : C⊗A→ D that satises that ˆ̟ ◦ (pC ⊗pA)◦
δD = idD and (pC ⊗ pA) ◦ δD ◦ ˆ̟ = ∇C⊗A. In this ase, ˆ̟ must be of left C-omodules. This
property is obtained by (ii-6) and moreover we have
ˆ̟ = µD ◦ (iC ⊗ iV ).
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Thus, the meaning of (ii-5) and (ii-6) is that ∇C⊗A is a morphism of right A-modules and of left
C-omodules. Finally, equality (ii-7) assures that ∇C⊗A is an idempotent morphism.
Remark 2.4. In the onditions of the previous result, if ∇C⊗A = idC⊗A we obtain that ∇D⊗D =
θD ⊗ πD. Then, the universal haraterization of ross produt bialgebras obtained by Bespalov
and Drabant in Theorem 3.2 of [9℄ is a partiular instane of the universal property obtained for
weak rossed biproduts in Theorem 2.3.
3. Weak projetions and weak rossed biproduts
This setion is devoted to study weak bialgebras with a weak projetion living in a braided
monoidal ategory C. To do this we use the theory developed in Setion 3, and we obtain that
every weak bialgebra with a weak projetion is a weak rossed biprodut whose omultipliation
is a lassial osmash oprodut when it is partiularized to the non weak ase.
Denition 3.1. Let B be a weak Hopf algebra in C and let (D,φD) be a oalgebra whih is also
a right B-module and suh that
(φD ⊗ φD) ◦ (D ⊗ cD,B ⊗B) ◦ (δD ⊗ δB) = δD ◦ φD. (68)
We say that D is a right B-module oalgebra if the following equivalent onditions hold:
εD ◦ φD ◦ (D ⊗ µB) = (εD ⊗ εB) ◦ (φD ⊗ µB) ◦ (D ⊗ (c
−1
B,B ◦ δB)⊗B), (69)
εD ◦ φD ◦ (D ⊗ µB) = (εD ⊗ εB) ◦ (φD ⊗ µB) ◦ (D ⊗ δB ⊗B), (70)
φD ◦ (D ⊗Π
L
B) = (D ⊗ (εD ◦ φD)) ◦ ((c
−1
D,D ◦ δD)⊗B), (71)
φD ◦ (D ⊗Π
L
B) = (D ⊗ (εD ◦ φD)) ◦ (δD ⊗B), (72)
εD ◦ φD ◦ (D ⊗Π
L
B) = εD ◦ φD, (73)
εD ◦ φD ◦ (D ⊗Π
L
B) = εD ◦ φD. (74)
Under these onditions it is easy to prove that (B,D,ψRR = (B⊗φD)◦ (cD,B⊗B)◦ (D⊗ δB))
is a right-right weak entwining struture and (D,φD, δD) ∈ M
D
B (ψRR).
Denition 3.2. Let D be a weak bialgebra and B a weak Hopf algebra in the ategory C.
Suppose that there exists a morphism f : B → D of weak bialgebras and a morphism g : D → B
of oalgebras suh that g ◦ f = idB . Dene φD = µD ◦ (D ⊗ f), that indues a right B-module
struture on D, and let g be a morphism of right B-modules, that is,
g ◦ φD = µB ◦ (g ⊗B). (75)
Under these irumstanes we say that D is a weak bialgebra with a weak projetion onto B.
Heneforth we will always use the notation (D,B, f, g) to refer to a weak bialgebra with a weak
projetion. In these onditions g ◦ ηD = ηB .
If we onsider the B-module struture on D given by φD, we obtain that D is a right B-module
oalgebra. Then (B,D,ψRR) with the morphism ψRR : D ⊗B → B ⊗D given by:
ψRR = (B ⊗ µD) ◦ (cD,B ⊗ f) ◦ (D ⊗ δB) (76)
is a right-right weak entwining struture suh that (D,φD, δD) ∈ M
D
B (ψRR). Notie that the
morphism eRR related to this weak entwining struture is given by:
eRR = Π
R
B ◦ g. (77)
24
Example 3.3. As group algebras, that are the natural examples of Hopf algebras, groupoid
algebras provide examples of weak Hopf algebras. Reall that a groupoid G is simply a ategory
in whih every morphism is an isomorphism. In this example, we onsider nite groupoids, i.e.
groupoids with a nite number of objets. The set of objets of G, alled also the base of G, will
be denoted by G0 and the set of morphisms by G1. The identity morphism on x ∈ G0 will be
denoted by idx and for a morphism σ : x→ y in G1, we write s(σ) and t(σ), respetively for the
soure and the target of σ.
Let G be a groupoid and R a ommutative ring. The groupoid algebra is the diret produt
in R-Mod
RG =
⊕
σ∈G1
Rσ
with the produt of two morphisms being equal to their omposition if the latter is dened and
0 in otherwise, i.e. µRG(τ ⊗ σ) = τ ◦ σ if s(τ) = t(σ) and µRG(τ ⊗ σ) = 0 if s(τ) 6= t(σ). The
unit element is 1RG =
∑
x∈G0
idx. The algebra RG is a oommutative weak Hopf algebra, with
oprodut δRG, ounit εRG and antipode λRG given by the formulas:
δRG(σ) = σ ⊗ σ, εRG(σ) = 1, λRG(σ) = σ
−˙1.
For the weak Hopf algebra RG the morphisms target and soure are respetively,
ΠLRG(σ) = idt(σ), Π
R
RG(σ) = ids(σ)
and λRG ◦ λRG = idRG, i.e. the antipode is involutory.
A wide subgroupoid of a groupoid G is a groupoid H provided with a funtor F : H → G
whih is the identity on the objets, and indues inlusions homH(x, y) ⊂ homG(x, y), i.e., it
has the same base, and (perhaps) less arrows.
Let G be a groupoid. An exat fatorization of G is a pair of wide subgroupoids of G, H and
V , suh that for any σ ∈ G1, there exist unique σV ∈ V1, σH ∈ H1, suh that σ = σH ◦ σV .
Following the notation of [19℄ and [6℄ we denote G as H ⊲⊳ V beause in Theorems 2.10 and 2.15
of [19℄ was proved that the notion of groupoids with an exat fatorization is equivalent to the
notion of mathhed pairs of groupoids and to the notion of vaant double groupoid.
In this example, we will prove that any groupoid G with an exat fatorization H ⊲⊳ V indues
a non-trivial example of a weak bialgebra with a weak projetion. Put B = RV and D = RG
and dene f : B → D by f(σ) = σ and g : D → B by g(τ) = τV . Then, it is easy to show
that f is an algebra-oalgebra morphism and g ◦ f = idB . Moreover, g is a oalgebra morphism
beause εB ◦ g = εD and
(δB ◦ g)(τ) = τV ⊗ τV = g(τ) ⊗ g(τ) = ((g ⊗ g) ◦ δD)(τ).
The morphism g is a right B-module morphism, i.e. satises (75), beause
(g ◦ µD ◦ (D ⊗ f))(τ ⊗ σ) =


0 if s(τ) 6= t(σ)
(τ ◦ σ)V if s(τ) = t(σ)
and, on the other hand,
(µB ◦ (g ⊗B))(τ ⊗ σ) =


0 if s(τV ) 6= t(σ)
τV ◦ σ if s(τV ) = t(σ)
But s(τV ) = s(τ) and (τ ◦ σ)V = τV ◦ σ and then we have (75).
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Finally, g does not satisfy the onditon of algebra morphism. Indeed: let σ be a morphism in
V1 dierent of the identities with s(σ) 6= t(σ) and let τ a morphism in H1 in the same onditions
of σ and suh that s(τ) = t(σ). Put ω = τ ◦σ and let γ a morphism in H1 suh that s(γ) = t(τ).
For example
x y z
ω
ωV = σ
p
ωH = τ
γ
Then, ωV = σ, ωH = τ and
(g ◦ µD)(γ ⊗ ω) = (γ ◦ ω)V = σ 6= 0 = µB(ids(γ) ⊗ σ) = µB ◦ (g(γ) ⊗ g(ω)) =
(µB ◦ (g ⊗ g))(γ ⊗ ω).
Proposition 3.4. Let (D,B, f, g) be a weak bialgebra with a weak projetion and dene the
morphism
tDB = φD ◦ (D ⊗ (λB ◦ g)) ◦ δD : D → D.
This morphism is idempotent, and moreover if pDB : D → D
B
, iDB : D
B → D is the splitting of
tDB , the following diagram
✲
✲
✲
φD
βD
pDB
D ⊗B D DB
(78)
is a oequalizer diagram where βD = (D ⊗ (εD ◦ φD)) ◦ (δD ⊗B).
Proof:
To obtain that tDB = φD ◦ (D ⊗ (λB ◦ g)) ◦ δD is idempotent ompute:
tDB ◦ t
D
B
= φD ◦ (D ⊗ (λB ◦ g)) ◦ (φD ⊗ φD) ◦ δD⊗B ◦ (D ⊗ (λB ◦ g)) ◦ δD
= µD ◦ ((µD ◦ (D ⊗ f))⊗ (f ◦ λB ◦ µB ◦ (g ⊗B))) ◦ (D ⊗ cD,B ⊗B)◦
(δD ⊗ ((λB ⊗ λB) ◦ cB,B ◦ δB)) ◦ (D ⊗ g) ◦ δD
= µD◦
(D⊗ (µD ◦ ((f ◦λB)⊗ (f ◦λB ◦µB)) ◦ (cB,B ⊗λB) ◦ (B⊗ cB,B) ◦ (((g⊗ g) ◦ δD)⊗ g)))◦
(δD ⊗D) ◦ δD
= µD ◦ (D ⊗ (µD ◦ (f ⊗ (f ◦ λB ◦ Π
L
B)) ◦ cB,B ◦ (B ⊗ λB) ◦ δB ◦ g)) ◦ δD
= µD ◦ (D ⊗ (f ◦ µB ◦ (B ⊗Π
R
B) ◦ cB,B ◦ (λB ⊗ λB) ◦ δB ◦ g)) ◦ δD
= µD ◦ (D ⊗ (f ◦ (idB ∧Π
R
B) ◦ λB ◦ g)) ◦ δD
= tDB ,
where the rst equality follows by (68), the seond one by (61) and (75), the third one by the
ondition of oalgebra morphism for g, the assoiativity of µD and the oassoiativity of δD, the
fourth one by the naturality of the braiding and the ondition of oalgebra morphism for g, the
fth one by (59) and the ondition of algebra morphism for f . Finally, the sixth one follows by
(61) and the seventh one by idB ∧Π
R
B = idB .
Now we want to prove that, if pDB : D → D
B
, iDB : D
B → D is the splitting of tDB , then p
D
B is
the oequalizer of φD and βD. By (72) we know that
βD = φD ◦ (D ⊗Π
L
B). (79)
26
First observe that,
tDB ◦ φD
= µD ◦ ((µD ◦ (D ⊗ f))⊗ (f ◦ λB ◦ µB ◦ (g ⊗B))) ◦ δD⊗B
= µD ◦ (D ⊗ (f ◦ µB ◦ ((µB ◦ (B ⊗ λB))⊗ λB) ◦ (B ⊗ cB,B) ◦ (cB,B ⊗B)))◦
(((D ⊗ g) ◦ δD)⊗ δB)
= φD ◦ (D ⊗ (µB ◦ (B ⊗ λB) ◦ cB,B ◦ (g ⊗B))) ◦ (δD ⊗Π
L
B)
= φD ◦ (D ⊗ (λB ◦ µB ◦ (g ⊗B))) ◦ (δD ⊗Π
L
B),
where the rst equality follows by (75) and (68), the seond one by assoiativity of µB , the
ondition of algebra morphism for f and (60), the third one by the naturality of the braiding
and the fourth one by (60) and ΠLB = λB ◦ Π
L
B (see (59)).
Now as βD an be written as in (79), we obtain:
tDB ◦ βD = t
D
B ◦ φD ◦ (D ⊗Π
L
B) = φD ◦ (D ⊗ (λB ◦ µB ◦ (g ⊗B))) ◦ (δD ⊗ (Π
L
B ◦ Π
L
B)) = t
D
B ◦ φD
and therefore pDB ◦ βD = p
D
B ◦ φD.
It just remain to prove that pDB satises the universal property of a oequalizer. But note that
if r : D → H is a morphism suh that r ◦ βD = r ◦ φD we have
r ◦ iDB ◦ p
D
B = r ◦ t
D
B = r ◦ (idD ∧Π
R
D) = r
sine, by (75), f ◦ Π
R
B ◦ λB ◦ g = Π
R
D holds. The morphism r ◦ i
D
B is the unique that makes the
diagram ommutes as if s : DB → H is suh that s ◦ pDB = r, when we ompose with i
D
B in both
members of the equality we obtain s = r ◦ iDB . Thus, (78) is a oequalizer diagram. ✷
Example 3.5. In the onditions of Example 3.3, the morphism tDB of the previous result is
tDB(τ) = τ ◦ τ
−1
V = τH .
Then, in this ase DB = RH, pDB (τ) = τH and i
D
B (ω) = ω.
Proposition 3.6. Let (D,B, f, g) be a weak bialgebra with a weak projetion. Then D ։ DB
is a weak B-oleft oextension with leaving morphism g and left weak inverse g−1 = λB ◦ g.
Proof:
From Denitions 1.8 and 2.4 of [1℄ reall that D is a weak B-oleft oextension for the weak
entwining struture (B,D,ψRR) dened in (76), if (D,φD, δD) ∈ M
D
B (ψRR) and there exists
morphisms h : D → B, alled a leaving morphism, and h−1 : D → B suh that:
(i) h is a morphism of right B-modules.
(ii) h−1 ∧ h = eRR.
(iii) µB ◦ (B ⊗ h
−1) ◦ ψRR = h
−1 ◦ βD.
We laim that g : D → B is a leaving morphism. Indeed, g is a right B-module morphism, as
it is a weak projetion. Now dene g−1 = λB ◦ g and ompute:
g−1 ∧ g
= µB ◦ ((λB ◦ g) ⊗ g) ◦ δD
= µB ◦ (λB ⊗B) ◦ δB ◦ g
= ΠRB ◦ g
= eRR,
hene g−1 is a left weak inverse for g. Now to obtain equality µB ◦ (B ⊗ h
−1) ◦ ψRR = h
−1 ◦ βD
ompute:
27
µB ◦ (B ⊗ g
−1) ◦ ψRR
= µB ◦ (B ⊗ λB) ◦ (B ⊗ (g ◦ µD ◦ (D ⊗ f))) ◦ (cD,B ⊗B) ◦ (D ⊗ δB)
= µB ◦ (B ⊗ λB) ◦ (B ⊗ µB) ◦ (cB,B ⊗B) ◦ (g ⊗ δB)
= µB ◦ cB,B ◦ ((λB ◦ g) ⊗ (µB ◦ (B ⊗ λB) ◦ δB))
= µB ◦ cB,B ◦ ((λB ◦ g) ⊗Π
L
B)
= µB ◦ cB,B ◦ (λB ⊗ λB) ◦ (g ⊗Π
L
B)
= λB ◦ µB ◦ (g ⊗Π
L
B)
= g−1 ◦ µD ◦ (D ⊗ f) ◦ (D ⊗Π
L
B)
= g−1 ◦ βD.
Here we used that g is a morphism of right B-modules, the naturality of the braiding, (59), the
antiomultipliativity of the antipode and the equality
f ◦ Π
L
B = Π
L
D ◦ f. (80)
✷
Example 3.7. As a onsequene of the previous result and by Example 3.5 we obtain that if G
is a groupoid with exat fatorization H ⊲⊳ V , then RG։ RH is a weak RV -oleft oextension
with leaving morphism g(τ) = τV and left weak inverse g
−1(τV ) = τ
−1
V .
Remark 3.8. Let (D,B, f, g) be a weak bialgebra with a weak projetion and let D ։ DB
be the assoiated weak B-oleft oextension. Then by Proposition 2.1 of [1℄ we know that
(DB , εDB , δDB ) is a oalgebra in C, where εDB : D
B → K and δDB : D
B → DB ⊗DB are the
fatorizations of εD and (p
D
B ⊗ p
D
B ) ◦ δD respetively, through the oequalizer p
D
B . Then, as a
onsequene pDB : D → D
B
is a oalgebra morphism.
The following result is the main one of this setion. Here we give the weak rossed produt and
the weak rossed oprodut struture of a weak bialgebra with a weak projetion. This theorem
generalizes the results obtained for bialgebras in braided ategories given by Ardizzoni, Menini
and Stefan in [7℄, and the ones by Shauenburg given in [27℄.
Theorem 3.9. If (D,B, f, g) is a weak bialgebra with a weak projetion, then D is a weak
rossed biprodut of the oalgebra DB dened in (78) with the algebra B. In this ase the
morphisms ψD
B
B , σ
DB
B , χ
DB
B and τ
DB
B are given by
ψD
B
B = (p
D
B ⊗ g) ◦ δD ◦ µD ◦ (f ⊗ i
D
B ), (81)
σD
B
B = (p
D
B ⊗ g) ◦ δD ◦ µD ◦ (i
D
B ⊗ i
D
B ), (82)
χD
B
B = (g ⊗ p
D
B ) ◦ δD ◦ µD ◦ (i
D
B ⊗ f), (83)
τD
B
B = (g ⊗ g) ◦ δD ◦ µD ◦ (i
D
B ⊗ f). (84)
Moreover, the preunit and the preounit are
ν = iDB⊗B ◦ ηD, υ = εD ◦ pDB⊗B , (85)
and the following identities hold
δDB⊗B ◦ βν = (βν ⊗ βν) ◦ δD, (86)
τD
B
B = (εDB ⊗ δB) ◦ ∇DB⊗B , (87)
υ = (εDB ⊗ εB) ◦ ∇DB⊗B . (88)
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Remark 3.10. Note that ondition (87) means that the oprodut is osmash. If we interpret
this result using a lassial approah to the theory of weak rossed oproduts for weak bialgebras
(i.e., dual to the one developed in [26℄), we nd that this morphism τD
B
B orresponds to a trivial
yle in the weak ase. Moreover, when τD
B
B is as the one given in (87), the oprodut is
expressed as δDB⊗B = (D
B ⊗χD
B
B ⊗B) ◦ (δBD ⊗ δB) ◦∇DB⊗B . If we replae ∇DB⊗B by idDB⊗B
we obtain the dual version of the weak smash produt dened by Caenepeel and De Groot in [15℄.
Finally, if we onsider this weak orprodut in the Hopf algebra ase, it beomes the lassial
osmash oprodut. This fat is oherent with the result obtained by Shauenburg in [27℄ and
by Ardizzoni, Menini and Stefan in [7℄.
Proof of Theorem 3.9:
Suppose that D is a weak bialgebra with a weak projetion. To obtain the weak rossed biprodut
struture we will hek that (iii) of Theorem 2.3 holds. By assumption there exists an algebra
B and morphisms f : B → D of algebras and g : D → B suh that g ◦f = idB . There also exists
a oalgebra DB (given by the oequalizer (78)), a morphism iDB : D
B → D and a morphism of
oalgebras pDB : D → D
B
satisfying pDB ◦ i
D
B = idDB .
Dene:
iDB⊗B = (p
D
B ⊗ g) ◦ δD : D → D
B ⊗B
and
pDB⊗B = µD ◦ (i
D
B ⊗ f) : D
B ⊗B → D.
Observe that pDB⊗B = φD ◦ (i
D
B ⊗B) and
pDB⊗B ◦ iDB⊗B = t
D
B ∧ (f ◦ g) = idD ∧ (f ◦ Π
R
B ◦ g) = idD ∧Π
R
D = idD
as a onsequene of being f of bialgebras, g of oalgebras and right B-modules. Hene ∇DB⊗B =
iDB⊗B ◦ pDB⊗B is an idempotent morphism. It also is a morphism of right B-modules for
φDB⊗B = D
B⊗µB and left D
B
-omodules for ρDB⊗B = δDB ⊗B. Indeed, to hek that ∇DB⊗B
is a morphism of right B modules ompute:
∇DB⊗B ◦ φDB⊗B
= (pDB ⊗ g) ◦ δD ◦ φD ◦ ((φD ◦ (i
D
B ⊗B))⊗B)
= ((pDB ◦ φD)⊗ (g ◦ φD)) ◦ δD⊗B ◦ ((φD ◦ (i
D
B ⊗B))⊗B)
= ((pDB ◦ βD)⊗ (g ◦ φD)) ◦ δD⊗B ◦ ((φD ◦ (i
D
B ⊗B))⊗B)
= (pDB ⊗ ((εD ⊗ g) ◦ δD ◦ φD)) ◦ ((δD ◦ φD ◦ (i
D
B ⊗B))⊗B)
= (pDB ⊗ (g ◦ φD)) ◦ ((δD ◦ φD ◦ (i
D
B ⊗B))⊗B)
= φDB⊗B ◦ (∇DB⊗B ⊗B),
where the rst equality follows by the struture of right B-module for DB, the seond one by
(68), the third one by (78), the fourth one by the oassoiativity of δD and (68), the fth one by
the ounit ondition and the last one by denition.
To prove that ∇DB⊗B is a left D
B
-omodule morphism, rst we need to show the equality
(D ⊗ tDB ) ◦ δD ◦ i
D
B = δD ◦ i
D
B (89)
or, equivalently,
(D ⊗ tDB ) ◦ δD ◦ t
D
B = δD ◦ t
D
B (90)
and the equality
(pDB ⊗D) ◦ δD ◦ φD ◦ (i
D
B ⊗B) = (p
D
B ⊗ φD) ◦ ((δD ◦ i
D
B )⊗B). (91)
The proof of (90) follows by
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δD ◦ t
D
B
= µD⊗D ◦ (δD ⊗ (δD ◦ f ◦ λD ◦ g)) ◦ δD
= µD⊗D ◦ (D ⊗ ((D ⊗ cD,D) ◦ (((D ⊗ (f ◦ λB ◦ g)) ◦ δD)⊗ (f ◦ λB ◦ g)) ◦ δD)) ◦ δD
= (µD ⊗ t
D
B ) ◦ (D ⊗ (cD,D ◦ ((D ⊗ (f ◦ λB ◦ g)) ◦ δD))) ◦ δD
= (µD ⊗ (t
D
B ◦ t
D
B )) ◦ (D ⊗ (cD,D ◦ ((D ⊗ (f ◦ λB ◦ g)) ◦ δD))) ◦ δD
= (D ⊗ tDB ) ◦ δD ◦ t
D
B ,
where the rst equality is a onsequene of (i) of Denition 2.1, the seond one follows by the
ondition of oalgebra morphism for f and g as well as (61), the third one by the naturality of
the braiding and the fourth one by idempotent harater of tDB .
Seondly, the equality (91) follows by (i) of Denition 2.1 and (78) beause
(pDB ⊗D) ◦ δD ◦ φD ◦ (i
D
B ⊗B)
= ((pDB ◦ φD)⊗ φD) ◦ δD⊗B ◦ (i
D
B ⊗B)
= ((pDB ◦ βD)⊗ φD) ◦ δD⊗B ◦ (i
D
B ⊗B)
= (pDB ⊗ ((εD ⊗D) ◦ δD ◦ φD)) ◦ ((δD ◦ i
D
B )⊗B)
= (pDB ⊗ φD) ◦ ((δD ◦ i
D
B )⊗B).
Then, by (91) and (89) we obtain that ∇DB⊗B is a morphism of left D
B
-omodules. Indeed:
(ρDB⊗B ⊗B) ◦ ∇DB⊗B
= (pDB ⊗ ((p
D
B ⊗ g) ◦ δD)) ◦ δD ◦ φD ◦ (i
D
B ⊗B)
= (pDB ⊗ ((p
D
B ⊗ g) ◦ δD ◦ φD)) ◦ ((δD ◦ i
D
B )⊗B)
= (pDB ⊗ ((p
D
B ⊗ g) ◦ δD ◦ φD)) ◦ (((D ⊗ t
D
B ) ◦ δD ◦ i
D
B )⊗B)
= (DB ⊗ ((pDB ⊗ g) ◦ δD ◦ φD ◦ (i
D
B ⊗B))) ◦ (δDB ⊗B)
= (DB ⊗∇DB⊗B) ◦ ρDB⊗B .
Finally, it is lear that the splitting of ∇DB⊗B is given by the injetion iDB⊗B, the projetion
pDB⊗B and the image is the objet D. Thus (iii) of Theorem 2.3 is satised onsidering ω =
̟ = idD, and thus D is a weak rossed produt biprodut. Now by (ii)⇒ (i) of the symmetri
version of Theorem 1.4,
µDB⊗B = iDB⊗B ◦ µD ◦ (pDB⊗B ⊗ pDB⊗B) (92)
and, by duality,
δDB⊗B = (iDB⊗B ⊗ iDB⊗B) ◦ δD ◦ pDB⊗B. (93)
Moreover, by (65)
ν = iDB⊗B ◦ ηD, υ = εD ◦ pDB⊗B .
To obtain equality (81), we have to use the morphism βν : B → D
B ⊗ B given by βν =
(DB ⊗ µB) ◦ (ν ⊗B), beause, by the symmetri version of Theorem 3.11 of [17℄, we have:
ψD
B
B = µDB⊗B ◦ (βν ⊗D
B ⊗ ηB). (94)
Moreover, the following equality holds:
βν = ((p
D
B ◦ f ◦ Π
L
B)⊗B) ◦ δB . (95)
Indeed:
βν
= (pDB ⊗ (µB ◦ (g ⊗B))) ◦ ((δD ◦ ηD)⊗B)
= (pDB ⊗ g) ◦ (D ⊗ µD) ◦ ((δD ◦ ηD)⊗ f)
= ((pDB ◦Π
L
D)⊗ g) ◦ δD ◦ f
= ((pDB ◦ f ◦Π
L
B)⊗B) ◦ δB ,
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and, as a onsequene, using (94), we obtain:
ψD
B
B
= (pDB ⊗ g) ◦ δD ◦ µD ◦ ((µD ◦ ((t
D
B ◦ f ◦ Π
L
B)⊗ f) ◦ δB)⊗ i
D
B )
= (pDB ⊗ g) ◦ δD ◦ µD ◦ ((f ◦ ((Π
L
B ◦ Π
L
B) ∧ idB))⊗ i
D
B )
= (pDB ⊗ g) ◦ δD ◦ µD ◦ ((f ◦ (Π
L
B ∧ idB))⊗ i
D
B )
= (pDB ⊗ g) ◦ δD ◦ µD ◦ (f ⊗ i
D
B ).
where the rst equality follows by the ondition of algebra morphism for f and (95), the seond
one from tDB ◦ f = f ◦ Π
L
B and the ondition of algebra-oalgebra morphism for f , the third one
by (58) and the fourth one by ΠLB ∧ idB = idB .
Also, in light of the symmetri version of Theorem 3.11 of [17℄, we have
σD
B
B = µDB⊗B ◦ (D
B ⊗ ηB ⊗D
B ⊗ ηB). (96)
Using this formula we obtain easily (82). The proofs for (83) and (84) are dual and we leave the
details to the reader.
To prove (86), rst we need to the following identity for βν :
βν = (p
D
B ⊗ g) ◦ δD ◦ f = iDB⊗B ◦ f. (97)
Indeed, as a onsequene of (95), the equality
tDB ◦ f = f ◦ Π
L
B , (98)
the identity (58) and the oalgebra ondition of f , we have
(iDB ⊗B) ◦ βν
= ((tDB ◦ f ◦Π
L
B)⊗B) ◦ δB
= ((f ◦ ΠLB ◦Π
L
B)⊗B) ◦ δB
= ((f ◦ ΠLB)⊗B) ◦ δB
= ((tDB ◦ f)⊗B) ◦ δB
= (tDB ⊗ g) ◦ δD ◦ f
and this yields (97).
Applying (97) and (93) we obtain (86) that follows by:
δDB⊗B ◦ βν
= (iDB⊗B ⊗ iDB⊗B) ◦ δD ◦ f
= ((iDB⊗B ◦ f)⊗ (iDB⊗B ◦ f)) ◦ δB
= (βν ⊗ βν) ◦ δB .
Finally, using the denition of pDB⊗B , ompute:
τD
B
B ◦ iDB⊗B
= (g ⊗ g) ◦ δD ◦ pDB⊗B ◦ iDB⊗B
= (g ⊗ g) ◦ δD
= δB ◦ g
= (εDB ⊗ δB) ◦ iDB⊗B
and, omposing with pDB⊗B , we obtain (87).
Finally the proof for (88) is a onsequene of the identity obtained for the preounit υ.
✷
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Example 3.11. As we showed in Example 3.3, any nite groupoid G with an exat fatorization
H ⊲⊳ V provides an example of a weak bialgebra with a weak projetion
(D = RG,B = RV, f, g)
where f : RV → RG is dened by f(σ) = σ and g : RG → RV is g(τ) = τV . By Example 3.5
we know that DB = RH and iDB (ω) = ω, p
D
B(τ) = τH . Using these fats and Theorem 3.9, it is
possible to ompute the expliit form for the morphisms involved in the weak rossed biprodut
assoiated to the weak projetion (D = RG,B = RV, f, g). Then,
iRH⊗RV : RG→ RH ⊗RV, iRH⊗RV (τ) = τH ⊗ τV , (99)
pRH⊗RV : RH ⊗RV → RG, pRH⊗RV (ω ⊗ σ) =
{
0 if s(ω) 6= t(σ)
ω ◦ σ if s(ω) = t(σ)
, (100)
∇RH⊗RV : RH ⊗RV → RH ⊗RV, (101)
∇RH⊗RV (ω ⊗ σ) =
{
0 if s(ω) 6= t(σ)
ω ⊗ σ if s(ω) = t(σ)
,
ν : R→ RH ⊗RV, ν(1R) =
∑
x∈G0
idx ⊗ idx, (102)
βν : RV → RH ⊗RV, βν(σ) = idt(σ) ⊗ σ, (103)
υ : RH ⊗RV → R, υ(ω ⊗ σ) =
{
0 if s(ω) 6= t(σ)
1R if s(ω) = t(σ)
, (104)
γυ : RH ⊗RV → RH, γυ(ω ⊗ σ) =
{
0 if s(ω) 6= t(σ)
ω if s(ω) = t(σ)
, (105)
ψRHRV : RV ⊗RH → RH ⊗RV, (106)
ψRHRV (σ ⊗ ω) =
{
0 if s(σ) 6= t(ω)
(σ ◦ ω)H ⊗ (σ ◦ ω)V if s(σ) = t(ω)
,
σRHRV : RH ⊗RH → RH ⊗RV, (107)
σRHRV (ω
′ ⊗ ω) =
{
0 if s(ω′) 6= t(ω)
ω′ ◦ ω ⊗ ids(ω) if s(ω
′) = t(ω)
,
χRHRV : RH ⊗RV → RV ⊗RH, (108)
χRHRV (ω ⊗ σ) =
{
0 if s(ω) 6= t(σ)
σ ⊗ ω if s(ω) = t(σ)
,
τRHRV : RH ⊗RV → RV ⊗RV, (109)
τRHRV (ω ⊗ σ) =
{
0 if s(ω) 6= t(σ)
(σ ◦ ω)V ⊗ (σ ◦ ω)V if s(ω) = t(σ)
,
µRH⊗RV : RH ⊗RV ⊗RH ⊗RV → RH ⊗RV, (110)
µRH⊗RV (ω
′ ⊗ σ′ ⊗ ω ⊗ σ) ={
0 if s(ω) 6= t(σ) or s(ω) 6= t(σ) or s(σ′) 6= t(ω)
ω′ ◦ (σ′ ◦ ω ◦ σ)H ⊗ (ω
′ ◦ σ′ ◦ ω)V ◦ σ if s(ω) = t(σ), s(ω) = t(σ), s(σ
′) = t(ω)
,
δRH⊗RV : RH ⊗RV → RH ⊗RV ⊗RH ⊗RV, (111)
δRH⊗RV (ω ⊗ σ) =
{
0 if s(ω) 6= t(σ)
ω ⊗ σ ⊗ ω ⊗ σ if s(ω) = t(σ)
.
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The produt obtained in Theorem 3.9 is an usual weak rossed biprodut together with some
extra oditions, given by (86), (87) and (88). In the following result we show that these onditions
are also suient for a weak rossed biprodut to be indued by a weak projetion of weak
bialgebras.
Theorem 3.12. Let D be a weak bialgebra in C suh that is a weak rossed biprodut of a
oalgebra C and a weak Hopf algebra B with preunit ν and preounit υ. Then, if this weak
rossed biprodut satises
δC⊗B ◦ βν = (βν ⊗ βν) ◦ δD, (112)
τCB = (εC ⊗ δB) ◦ ∇C⊗B , (113)
υ = (εC ⊗ εB) ◦ ∇C⊗B, (114)
there exists a weak projetion (D,B, f, g) for D.
Proof:
Let D be a weak bialgebra suh that is a weak rossed biprodut of a oalgebra C and a weak
Hopf algebra B with preunit ν : K → C⊗B, preounit υ : C⊗B → K and assoiated idempotent
∇C⊗B. Let C × B the image of ∇C⊗B and α : C × B → D the isomorphism of algebras and
oalgebras. Then we dene the morphisms f : B → D as f = iB and g : D → B by g = pB
where iB and pB are the morphisms dened in (63), that is
f = α ◦ pC⊗B ◦ βν , g = (εC ⊗B) ◦ iC⊗B ◦ α
−1.
By (iii-1) of Theorem 2.3 we know that f is an algebra morphism and g ◦ f = idB . By (114) we
have
εB ◦ g = (εC ⊗ εB) ◦ iC⊗B ◦ α
−1 = υ ◦ iC⊗B ◦ α
−1 = εC×B ◦ α
−1 = εD,
and as a onsequene εB = εB ◦g ◦f = εD ◦f . Moreover, by (112), f is omultipliative. Indeed:
δD ◦ f
= δD ◦ α ◦ pC⊗B ◦ βν
= ((α ◦ pC⊗B ◦ βν)⊗ (α ◦ pC⊗B ◦ βν)) ◦ δB
= (f ⊗ f) ◦ δB ,
and thus f is a oalgebra morphism. On the other hand, g is a oalgebra morphism beause:
(g ⊗ g) ◦ δD
= (((εC ⊗B) ◦ iC⊗B)⊗ ((εC ⊗B) ◦ iC⊗B)) ◦ δC×B ◦ α
−1
= (((εC ⊗B) ◦ ∇C⊗B)⊗ ((εC ⊗B) ◦ ∇C⊗B)) ◦ (C ⊗ χ
C
B ⊗B) ◦ (δC ⊗ τ
C
B )◦
(δC ⊗B) ◦ iC⊗B ◦ α
−1
= (((B ⊗ εC) ◦ χ
C
B)⊗ ((B ⊗ εC) ◦ χ
C
B)) ◦ (C ⊗ χ
C
B ⊗B) ◦ (δC ⊗ τ
C
B )◦
(δC ⊗B) ◦ iC⊗B ◦ α
−1
= (B ⊗B ⊗ εC) ◦ (B ⊗ χ
C
B) ◦ (χ
C
B ⊗B) ◦ (C ⊗ τ
C
B ) ◦ (δC ⊗B) ◦ iC⊗B ◦ α
−1
= τCB ◦ ∇C⊗B ◦ iC⊗B ◦ α
−1
= τCB ◦ iC⊗B ◦ α
−1
= (εC ⊗ δB) ◦ iC⊗B ◦ α
−1
= δB ◦ g,
where the rst equality follows by the oalgebra morphism ondition for α, the seond one by
the properties of δC×B (see (46)), the third one by (εC ⊗B) ◦∇C⊗B = (B⊗ εC) ◦χ
C
B , the fourth
one by (40) and the ounit properties of εC , the fth one by (42), the sixth one by the properties
of the idempotent ∇C⊗B, the seventh one by (113) and, nally, the eighth one by denition.
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To nish the proof, we only need to show that g is a morphism of B-modules. To obtain this
last property ompute:
g ◦ µD ◦ (D ⊗ f)
= (εC ⊗B) ◦ iC⊗B ◦ µC×B ◦ (α
−1 ⊗ (pC⊗B ◦ βν))
= (εC ⊗B) ◦ µC⊗B ◦ ((iC⊗B ◦ α
−1)⊗ βν)
= (εC ⊗ µB) ◦ ((µC⊗B ◦ ((iC⊗B ◦ α
−1)⊗ ν))⊗B)
= (εC ⊗ µB) ◦ ((∇C⊗B ◦ iC⊗B ◦ α
−1)⊗B)
= µB ◦ (g ⊗B),
where the rst equality follows by the ondition of algebra morphism for α−1, the seond one by
the denition of µC×B and ∇C⊗B ◦ βν = βν , the third one by the assoiativity of the produt
in B, the fourth one by by the symmetri equality of (22) and the fth one by the properties of
∇C⊗B.
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